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q Harmonic approximation for nuclear motion of a molecular system

q Quantum and classical description in term of normal mode

q Periodic crystal Bloch representation, quasi-momentum and phonon dispersion

q Measuring phonon with inelastic scattering (X-ray, neutron, electrons)

q Weak failures of the harmonic approximation

q Strong failures of the harmonic approximation
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] Raman spectroscopy





Measuring charge-excitations (e.g. phonons, plasmons, excitons) 
in energy and momentum space

Accessible ranges in the energy-

momentum space for different probes

of inelastic scattering

E. Burkel, Rep. Prog. Phys. 63, 171 (2000)

Accessible ranges in the energy-

momentum space for different probes

of inelastic scattering

E. Burkel, Rep. Prog. Phys. 63, 171 (2000)



Electron Energy Loss Spectroscopy in a Transmission Electron 
Microscope (EELS - TEM) 

monocromatic e-beam ~ 30 KeV
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spot on sample size ~ 10-40 nm
momentum resolution Dq ~ 0.02 – 0.2 Å-1

possibility of atomic (real space) resolution: 
excitations with momentum integrated over 
the full Brillouin Zone

Heisenberg uncertainty principle 

Present energy resolution (microscope at 
AIST) ~ 25 meV

MORE-TEM project aiming to an energy 
resolution of  ~ 1 meV (for phonons and low-
energy  excitations of correlated systems)

from suspended monolayer to ~ 20 
layers (to avoid multiple scattering)



Phonon in graphene and h-BN nanostructures in the TEM
[Senga, Suenaga, Barone, Morishita, Mauri, Pichler, Nature 573, 247 (2019)]

• momentum resolution 0.1 Å-1 with 25 meV energy resolution 
• bulk-like samples 10-20 layers

G

G q=0
M

M

h-BN: near q ~ 0 the 
intensity of polar LO 
phonon diverges as 1/q2, 
but also LA phonon visible 
at large q

Graphite: screened (weak) 
polar phonons, no EELS 
near q ~ 0, but at large q 
intensities similar to those 
of h-BN



graphite and h-BN multi-layers
[Senga, Suenaga, Barone, Morishita, Mauri, Pichler, Nature 573, 247 (2019)]

G q=0

G

K
K
M

similar results in the 
GKMKG direction



(Weak) failures of the harmonic approximation
q No lattice expansion (or contraction) with temperature or isotope mass

q High T specific heat per atom is equal to 3kb , namely it is T-independent

q Phonon frequencies are T independent, scaling with isotope mass as M1/2

q Phonon life-time is infinite, phonon ballistically propagate and thermal conductivity
diverges

Higher order terms of the potential are considered, phonons
interact in a perturbative manner:

weak anharmonic corrections

-1/2



strong anharmonicity beyond the perturbative approach

for large fluctuations from equilibrium at high temperature or with zero-point 
quantum motion (with H or other light atoms)

close to a dynamical instability, e.g. near a second-order phase transition like a  
ferroelectric of a charge density wave (CDW) transition

thermoelectric with strong anharmonicity (to lower lattice thermal conductivity)



Anharmonic fluctuations determines the CDW phase diagram 
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FIG. 1. (Color online) In the 2H structure of the TMDs the transition-metal atoms of one layer are on top the chalcogen atoms
of the other layer while the atoms within a layer form a hexagonal pattern as can be seen in the (a) side and (b) top view of the
structure (grey – transition metal, yellow – chalcogen). The hexagonal 2D Brillouin zone shown in (c) has the special points
Γ, M, and K. In the conduction band the TMDs have a minimum approximately halfway between Γ and K (hereby labeled Q
point) as shown in the band structure in (d). Its position with respect to the minimum at K depends on e.g. strain and the
number of layers. The spin-orbit splitting of the bands at K is larger for the TMDs with tungsten (in (d) the band structure
for bilayer WS2 is shown).

FIG. 2. Flow chart illustrating the procedure used in this
paper to calculate the transport properties. First, the
band structure is calculated within density-functional the-
ory (DFT) for a doping concentration n as has been im-
plemented in Quantum ESPRESSO9,10. The band structure
is used as input for BoltzTraP6 to calculate the transport
properties within the constant-scattering-time approximation
using the expansion coefficients. Those results can then be
used either to extract τ as shown in Fig. 3 or (assuming
τ = (C ×DOSEF )

−1) to fit to the experimental mobility µexp
Hall

as shown in Fig. 4.

then use the ab-initio band structure to calculate the ra-
tio of the theoretical conductivity σtheo and Hall mobility
µtheo
Hall to the scattering time τ . Our method to calcu-

late those quantities is further clarified in Fig. 2 and the
computational details can be found in the supplemental
material.11 The ratio of the measured Hall mobility µexp

Hall

to the calculated ratio µtheo
Hall/τ can be used to extract

the scattering time from the experimental data. Figure
3 exemplifies this extraction for WS2. The experimental
data of Braga et al. was measured on a thick sample
at T = 300K. We compare this data with the calcu-
lations for trilayer WS2 which is a good approximation
for nanolayers with more than 3 layers and doping larger
than n > 1013 cm−2 as shown in Ref. 8. The scatter-
ing time thus extracted decreases with increasing doping-

charge concentration nHall as shown in the bottom panel
of Fig. 3. Furthermore, electrons are scattered more fre-
quently than holes. Hole and electron mobilities are still
comparable due to the much higher effective mass of holes
at the Γ point as compared to the mass of electrons in
the conduction band.12

The assumption of constant scattering time is not a
far-fetched simplification. In fact, for constant scatter-
ing matrix elements one can show that the scattering rate
1/τ is proportional to the density of states (DOS) at the
Fermi energy. This is also true for electron-phonon inter-
action if the phonon energy is negligible with respect to
the Fermi energy. Accordingly, because of Matthiessen’s
rule, the total scattering time is directly proportional
to the inverse of the total DOS at the Fermi energy
τ = (C ×DOSEF

)−1.
In order to obtain the constant C, we use the calculated

DOS as outline in Fig. 2 and fit µtheo
Hall/τ (C ×DOSEF

)−1

to the data of Ref. 5 as shown in top panel of Fig. 4.
For electron doping and hole doping we find Ce ≈
0.174 eVΩu.c. fs

−1 and Ch ≈ 0.116 eVΩu.c. fs
−1, respec-

tively, with Ωu.c. the area of one unit cell. The result-
ing scattering time τ is given in the middle panel. It
decreases with increasing doping and saturates for high
electron doping at τ ≈ 3 fs. Furthermore, in the hole
doping case the carriers are less often scattered. The
good qualitative agreement between the experimental
and the theoretical mobility shows that an energy- and
momentum-independent scattering time which is propor-
tional to DOSEF

can be used to estimate the transport
scattering time for doping larger than n > 1013 cm−2.
This indicates that the scattering matrix elements are
well approximated by a constant that is independent
from the energy and the momentum of the electrons at
the Fermi level. Both, scattering from neutral defects
that do not induce mid-gap states and electron-phonon
scattering from non-polar phonons, can be modeled with
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overcome these constraints, we utilized high-resolution
inelastic x-ray scattering, which allowed us to obtain mea-
surements of the entire dispersion of the soft-mode branch
over a wide temperature range. We used a high-quality
single crystal sample of about 50 mg (2! 2! 0:05 mm3)
with a TCDW of 33 K determined from the temperature
dependence of the superlattice reflections [Fig. 1(e)] in
agreement with previous results [18]. All inelastic x-ray
scattering experiments were carried out on the XOR 30-ID
HERIX beam line [22,23] at the Advanced Photon Source,
Argonne National Laboratory. Data were fitted with
damped harmonic oscillator functions convoluted with
the experimental resolution. For more details on the in-
strumental setup and data analysis, see [24]. Here, we focus
on the longitudinal acoustic phonon branch dispersing
in the crystallographic (100) direction and crossing
qCDW ¼ ð0:329;0;0Þ [18].

Figure 1 shows the temperature dependence of a
soft-phonon mode at qhkl ¼ ð0:325;0;0Þ, close to the

CDW wave vector qCDW ¼ ð0:329;0;0Þ. At T ¼ 90 K
[Fig. 1(d)], the soft phonon at an energy of !q¼4:5meV
has nearly equal intensity to the second phonon branch at
10 meV. Upon cooling, the intensity of the upper branch is
suppressed due to the Bose factor, whereas the intensity of
the soft phonon is enhanced by a factor of 1=!q in the cross
section as its energy !q is reduced. At T ¼ TCDW, the
elastic superstructure peak of the CDW phase dominates
the spectrum [Fig. 1(b)], but we can still distinguish the
critically damped phonon as a broad peak beneath the
narrow elastic CDW peak. Well inside the CDW phase,
the elastic superlattice reflection was too strong for any
inelastic scattering to be observed at qCDW [Fig. 1(a)].
Figure 1(e) shows that the integrated intensity of the

CDW superlattice peak measured at h ¼ 0:325, which is
within the momentum resolution of qCDW, increases rap-
idly below TCDW ¼ 33 K, in good agreement with pre-
vious neutron diffraction data taken on crystals from the
same growth batch [18]. Above TCDW, the elastic intensity
due to diffuse scattering from the sample is very small,
which implies that our sample had very little structural
disorder. It stays low until very close to TCDW [see the inset
in Fig. 1(e)], where a weak elastic ‘‘central’’ peak consis-
tent with low energy critical fluctuations appears.
The phonon energy at qCDW softens on cooling

[Fig. 1(f)] following a power law !qðTÞ ¼ ½ðT & TcÞ=Tc'!
with ! ¼ 0:48 ( 0:02, the value predicted by mean-field
theory [3]. As the phonon softens, the damping increases
and the phonon becomes critically damped, i.e., !=~!q ¼ 1,
at TCDW [Fig. 1(f)].
Remarkably, we observe the same power law behavior

not only at qCDW but also at h ¼ 0:3 and 0.35, which are
outside the experimental resolution from qCDW and where
the elastic peak is an order of magnitude weaker relative to
the phonon intensity. Moreover, the phonon energies at

FIG. 1 (color online). Temperature dependence of the soft-
phonon mode and the charge-density-wave superlattice peak
near qCDW ¼ ð0:329;0;0Þ. (a)–(d) Energy scans at q ¼
ð3 & h;0;0Þ, h ¼ 0:325, for temperatures 8 K ) T ) 90 K.
Solid (red) lines are fits consisting of damped harmonic oscil-
lators (inelastic) and a pseudo-Voigt function (elastic) (blue
dashed lines). (e) Intensity of the charge-density-wave superlat-
tice peak for T ) 120 K. The inset shows the phonon and
superlattice peak intensities just above Tc. (f),(g) Phonon fre-
quency !q and critical damping ratio !=~!q of the soft-phonon
mode, respectively, at q ¼ ðh;0;0Þ with h ¼ 0:3 (circle), 0.325
(triangle), and 0.35 (square). The solid line in (f) is a power law
fit of the form ½ðT & TcÞ=Tc'! yielding ! ¼ 0:48 ( 0:02.

FIG. 2 (color online). Wave vector dependence of the soft
phonon at T ¼ 33 K. Energy scans at Q ¼ ð3 & h;0;1Þ,
h ¼ 0:275–0:375. Solid (red) lines represent the total fit result
consisting of a damped harmonic oscillator functions (inelastic)
and a pseudo-Voigt function (elastic) (blue dashed lines).

PRL 107, 107403 (2011) P HY S I CA L R EV I EW LE T T E R S
week ending

2 SEPTEMBER 2011

107403-2

overcome these constraints, we utilized high-resolution
inelastic x-ray scattering, which allowed us to obtain mea-
surements of the entire dispersion of the soft-mode branch
over a wide temperature range. We used a high-quality
single crystal sample of about 50 mg (2! 2! 0:05 mm3)
with a TCDW of 33 K determined from the temperature
dependence of the superlattice reflections [Fig. 1(e)] in
agreement with previous results [18]. All inelastic x-ray
scattering experiments were carried out on the XOR 30-ID
HERIX beam line [22,23] at the Advanced Photon Source,
Argonne National Laboratory. Data were fitted with
damped harmonic oscillator functions convoluted with
the experimental resolution. For more details on the in-
strumental setup and data analysis, see [24]. Here, we focus
on the longitudinal acoustic phonon branch dispersing
in the crystallographic (100) direction and crossing
qCDW ¼ ð0:329;0;0Þ [18].

Figure 1 shows the temperature dependence of a
soft-phonon mode at qhkl ¼ ð0:325;0;0Þ, close to the

CDW wave vector qCDW ¼ ð0:329;0;0Þ. At T ¼ 90 K
[Fig. 1(d)], the soft phonon at an energy of !q¼4:5meV
has nearly equal intensity to the second phonon branch at
10 meV. Upon cooling, the intensity of the upper branch is
suppressed due to the Bose factor, whereas the intensity of
the soft phonon is enhanced by a factor of 1=!q in the cross
section as its energy !q is reduced. At T ¼ TCDW, the
elastic superstructure peak of the CDW phase dominates
the spectrum [Fig. 1(b)], but we can still distinguish the
critically damped phonon as a broad peak beneath the
narrow elastic CDW peak. Well inside the CDW phase,
the elastic superlattice reflection was too strong for any
inelastic scattering to be observed at qCDW [Fig. 1(a)].
Figure 1(e) shows that the integrated intensity of the

CDW superlattice peak measured at h ¼ 0:325, which is
within the momentum resolution of qCDW, increases rap-
idly below TCDW ¼ 33 K, in good agreement with pre-
vious neutron diffraction data taken on crystals from the
same growth batch [18]. Above TCDW, the elastic intensity
due to diffuse scattering from the sample is very small,
which implies that our sample had very little structural
disorder. It stays low until very close to TCDW [see the inset
in Fig. 1(e)], where a weak elastic ‘‘central’’ peak consis-
tent with low energy critical fluctuations appears.
The phonon energy at qCDW softens on cooling

[Fig. 1(f)] following a power law !qðTÞ ¼ ½ðT & TcÞ=Tc'!
with ! ¼ 0:48 ( 0:02, the value predicted by mean-field
theory [3]. As the phonon softens, the damping increases
and the phonon becomes critically damped, i.e., !=~!q ¼ 1,
at TCDW [Fig. 1(f)].
Remarkably, we observe the same power law behavior

not only at qCDW but also at h ¼ 0:3 and 0.35, which are
outside the experimental resolution from qCDW and where
the elastic peak is an order of magnitude weaker relative to
the phonon intensity. Moreover, the phonon energies at

FIG. 1 (color online). Temperature dependence of the soft-
phonon mode and the charge-density-wave superlattice peak
near qCDW ¼ ð0:329;0;0Þ. (a)–(d) Energy scans at q ¼
ð3 & h;0;0Þ, h ¼ 0:325, for temperatures 8 K ) T ) 90 K.
Solid (red) lines are fits consisting of damped harmonic oscil-
lators (inelastic) and a pseudo-Voigt function (elastic) (blue
dashed lines). (e) Intensity of the charge-density-wave superlat-
tice peak for T ) 120 K. The inset shows the phonon and
superlattice peak intensities just above Tc. (f),(g) Phonon fre-
quency !q and critical damping ratio !=~!q of the soft-phonon
mode, respectively, at q ¼ ðh;0;0Þ with h ¼ 0:3 (circle), 0.325
(triangle), and 0.35 (square). The solid line in (f) is a power law
fit of the form ½ðT & TcÞ=Tc'! yielding ! ¼ 0:48 ( 0:02.

FIG. 2 (color online). Wave vector dependence of the soft
phonon at T ¼ 33 K. Energy scans at Q ¼ ð3 & h;0;1Þ,
h ¼ 0:275–0:375. Solid (red) lines represent the total fit result
consisting of a damped harmonic oscillator functions (inelastic)
and a pseudo-Voigt function (elastic) (blue dashed lines).

PRL 107, 107403 (2011) P HY S I CA L R EV I EW LE T T E R S
week ending

2 SEPTEMBER 2011

107403-2

overcome these constraints, we utilized high-resolution
inelastic x-ray scattering, which allowed us to obtain mea-
surements of the entire dispersion of the soft-mode branch
over a wide temperature range. We used a high-quality
single crystal sample of about 50 mg (2! 2! 0:05 mm3)
with a TCDW of 33 K determined from the temperature
dependence of the superlattice reflections [Fig. 1(e)] in
agreement with previous results [18]. All inelastic x-ray
scattering experiments were carried out on the XOR 30-ID
HERIX beam line [22,23] at the Advanced Photon Source,
Argonne National Laboratory. Data were fitted with
damped harmonic oscillator functions convoluted with
the experimental resolution. For more details on the in-
strumental setup and data analysis, see [24]. Here, we focus
on the longitudinal acoustic phonon branch dispersing
in the crystallographic (100) direction and crossing
qCDW ¼ ð0:329;0;0Þ [18].

Figure 1 shows the temperature dependence of a
soft-phonon mode at qhkl ¼ ð0:325;0;0Þ, close to the

CDW wave vector qCDW ¼ ð0:329;0;0Þ. At T ¼ 90 K
[Fig. 1(d)], the soft phonon at an energy of !q¼4:5meV
has nearly equal intensity to the second phonon branch at
10 meV. Upon cooling, the intensity of the upper branch is
suppressed due to the Bose factor, whereas the intensity of
the soft phonon is enhanced by a factor of 1=!q in the cross
section as its energy !q is reduced. At T ¼ TCDW, the
elastic superstructure peak of the CDW phase dominates
the spectrum [Fig. 1(b)], but we can still distinguish the
critically damped phonon as a broad peak beneath the
narrow elastic CDW peak. Well inside the CDW phase,
the elastic superlattice reflection was too strong for any
inelastic scattering to be observed at qCDW [Fig. 1(a)].
Figure 1(e) shows that the integrated intensity of the

CDW superlattice peak measured at h ¼ 0:325, which is
within the momentum resolution of qCDW, increases rap-
idly below TCDW ¼ 33 K, in good agreement with pre-
vious neutron diffraction data taken on crystals from the
same growth batch [18]. Above TCDW, the elastic intensity
due to diffuse scattering from the sample is very small,
which implies that our sample had very little structural
disorder. It stays low until very close to TCDW [see the inset
in Fig. 1(e)], where a weak elastic ‘‘central’’ peak consis-
tent with low energy critical fluctuations appears.
The phonon energy at qCDW softens on cooling

[Fig. 1(f)] following a power law !qðTÞ ¼ ½ðT & TcÞ=Tc'!
with ! ¼ 0:48 ( 0:02, the value predicted by mean-field
theory [3]. As the phonon softens, the damping increases
and the phonon becomes critically damped, i.e., !=~!q ¼ 1,
at TCDW [Fig. 1(f)].
Remarkably, we observe the same power law behavior

not only at qCDW but also at h ¼ 0:3 and 0.35, which are
outside the experimental resolution from qCDW and where
the elastic peak is an order of magnitude weaker relative to
the phonon intensity. Moreover, the phonon energies at

FIG. 1 (color online). Temperature dependence of the soft-
phonon mode and the charge-density-wave superlattice peak
near qCDW ¼ ð0:329;0;0Þ. (a)–(d) Energy scans at q ¼
ð3 & h;0;0Þ, h ¼ 0:325, for temperatures 8 K ) T ) 90 K.
Solid (red) lines are fits consisting of damped harmonic oscil-
lators (inelastic) and a pseudo-Voigt function (elastic) (blue
dashed lines). (e) Intensity of the charge-density-wave superlat-
tice peak for T ) 120 K. The inset shows the phonon and
superlattice peak intensities just above Tc. (f),(g) Phonon fre-
quency !q and critical damping ratio !=~!q of the soft-phonon
mode, respectively, at q ¼ ðh;0;0Þ with h ¼ 0:3 (circle), 0.325
(triangle), and 0.35 (square). The solid line in (f) is a power law
fit of the form ½ðT & TcÞ=Tc'! yielding ! ¼ 0:48 ( 0:02.

FIG. 2 (color online). Wave vector dependence of the soft
phonon at T ¼ 33 K. Energy scans at Q ¼ ð3 & h;0;1Þ,
h ¼ 0:275–0:375. Solid (red) lines represent the total fit result
consisting of a damped harmonic oscillator functions (inelastic)
and a pseudo-Voigt function (elastic) (blue dashed lines).

PRL 107, 107403 (2011) P HY S I CA L R EV I EW LE T T E R S
week ending

2 SEPTEMBER 2011

107403-2

frequency at qCDW

Se

these wave vectors also become indistinguishable from
zero at TCDW [Figs. 2(b) and 2(c)] as at qCDW. This means
that the phonons are critically damped over a large range
of momentum transfer from h ¼ 0:3 to h ¼ 0:35. Going
further away from qCDW with the same step size, !h ¼
0:025 r:l:u:, the soft-phonon branch is well separated from
zero energy [Figs. 2(a) and 2(d)]. Figure 3 shows the full
dispersion and damping ratio of the soft-mode phonon
branch. A broad dispersion anomaly is already evident at
250 K in agreement with previous neutron scattering mea-
surements performed only at 300 K [18]. This anomaly
deepens considerably upon cooling to 50 K, where we also
observe a strong increase in the damping. Finally, upon
cooling to TCDW, the energies reach zero and the phonons
become critically damped over an extended range of wave
vectors. At T ¼ 8 K, well below TCDW, we find hardened
energies and reduced damping, similar to the ones ob-
served at T ¼ 50 K. However, the soft mode was not
resolvable at h ¼ 0:325 and 0.35 due to strong elastic
scattering [e.g., see Fig. 1(a)]. At these temperatures, the
Bose and 1=! factors suppress the phonon intensity and
the measurements become increasingly difficult.

The q dependence of the phonon softening shown in
Fig. 3 is in marked contrast to the sharp, cusplike dips that
normally characterize Kohn anomalies at 2kF due to Fermi
surface nesting [5,25]. In 2H-NbSe2, we find that the
phonon renormalization extends over 0:36 "A"1, or over
half the Brillouin zone, and the critically damped region

extends over 0:09 "A"1, whereas we can clearly determine
different phonon energies at wave vectors separated by half

of this value (!h ¼ 0:025 r:l:u:¼ 0:045 "A"1). This be-
havior clearly rules out a singularity in the electronic
response in 2H-NbSe2 and suggests that the CDW is
determined by the wave vector dependence of the EPC
!q, as proposed by theory [9–11]. A broadened or even
flat-topped susceptibility due to imperfect nesting caused,
e.g., by the c-axis dispersion of the electron bands, could
also lead to a renormalization of the phonon dispersion
over a larger range of wave vectors, but it is unlikely that it
spans over half of the Brillouin zone.
In order to elucidate the microscopic mechanism behind

the CDW phase transition in 2H-NbSe2, we compare our
experimental results to detailed phonon calculations based
on density functional perturbation theory (DFPT) per-
formed with the crystal structure at T > TCDW (for details
see [24]). This is a zero temperature technique, in which
structural instabilities show up as imaginary phonon fre-
quencies. Because of the finite momentum mesh used in
the DFPT calculations, a numerical smearing " of the
electronic bands is necessary to compare the calculations
with experiment. The effect of " is analogous to a thermal
smearing of the electronic structure, so it has been used in
previous work to qualitatively simulate the effect of tem-
perature [25,26]. Though temperatures equivalent to " are
at least 1 order of magnitude too large (for details see [24]),
we note that for 2H-NbSe2 a comparison between theory
and experiment indicates that values of 0:1 eV # " #
1 eV produce results that are consistent with a temperature
range of 30 K # T # 300 K.
Figure 4 summarizes the calculations, showing the cal-

culated soft-phonon dispersion, linewidth, and electronic
joint density of states (JDOS). Imaginary phonon energies
are represented in Fig. 4(a) through the negative roots of
the absolute value, e.g., as ‘‘negative’’ phonon energies.
These occur in the calculated longitudinal acoustic phonon
branch for " $ 0:18 eV over an extended range of wave
vectors [Fig. 4(a)] in agreement with previous studies [12]
and in qualitative agreement with the observed breakdown
of the phonon dispersion. Similarly, the contribution to the
phonon linewidth from the electron-phonon interaction, 2#
[Fig. 4(b)], shows a strong enhancement over the same
extended range of wave vectors. To a first approximation,
2# is proportional to the product of j!qj2 and the electronic
JDOS. Since the latter shows negligible wave vector de-
pendence [Fig. 4(c)], the enhancement of the phonon
linewidth observed in both experiment and theory is en-
tirely due to a strong wave vector dependence of the EPC.

FIG. 3 (color online). Experimentally obtained dispersion and
damping ratio of the soft-phonon branch in 2H-NbSe2 at four
temperatures 8 K # T # 250 K. Plotted are (a) the frequency of

the damped harmonic oscillator !q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~!2
q " #2

q
and (b) the

damping ratio #= ~!q. Lines are guides to the eye. Note that
phonons at h ¼ 0:325;0:35 and T ¼ 8 K were not detectable
due to strong elastic intensities. The inset in (b) shows the
experimentally observed damping # of the damped harmonic
oscillator (symbols) and scaled DFPT calculations (see Fig. 4)
of 2# (lines, offset 0.7 meV) with " ¼ 0:1 eV (black) and 1 eV
(red).
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phonon momentum q 

softening of a phonon modes at the CDW transition:
2H-NbSe2 Inelastic X-Ray scattering (IXS)
[Weber et al. PRL 107, 107403 (2011)]

CDW transition temperature, Tc ~ 33 K

for T<Tc a superstructure appears with periodicity 
close to a (3x3x1) reconstruction  

Phonon-like peaks

overcome these constraints, we utilized high-resolution
inelastic x-ray scattering, which allowed us to obtain mea-
surements of the entire dispersion of the soft-mode branch
over a wide temperature range. We used a high-quality
single crystal sample of about 50 mg (2! 2! 0:05 mm3)
with a TCDW of 33 K determined from the temperature
dependence of the superlattice reflections [Fig. 1(e)] in
agreement with previous results [18]. All inelastic x-ray
scattering experiments were carried out on the XOR 30-ID
HERIX beam line [22,23] at the Advanced Photon Source,
Argonne National Laboratory. Data were fitted with
damped harmonic oscillator functions convoluted with
the experimental resolution. For more details on the in-
strumental setup and data analysis, see [24]. Here, we focus
on the longitudinal acoustic phonon branch dispersing
in the crystallographic (100) direction and crossing
qCDW ¼ ð0:329;0;0Þ [18].

Figure 1 shows the temperature dependence of a
soft-phonon mode at qhkl ¼ ð0:325;0;0Þ, close to the

CDW wave vector qCDW ¼ ð0:329;0;0Þ. At T ¼ 90 K
[Fig. 1(d)], the soft phonon at an energy of !q¼4:5meV
has nearly equal intensity to the second phonon branch at
10 meV. Upon cooling, the intensity of the upper branch is
suppressed due to the Bose factor, whereas the intensity of
the soft phonon is enhanced by a factor of 1=!q in the cross
section as its energy !q is reduced. At T ¼ TCDW, the
elastic superstructure peak of the CDW phase dominates
the spectrum [Fig. 1(b)], but we can still distinguish the
critically damped phonon as a broad peak beneath the
narrow elastic CDW peak. Well inside the CDW phase,
the elastic superlattice reflection was too strong for any
inelastic scattering to be observed at qCDW [Fig. 1(a)].
Figure 1(e) shows that the integrated intensity of the

CDW superlattice peak measured at h ¼ 0:325, which is
within the momentum resolution of qCDW, increases rap-
idly below TCDW ¼ 33 K, in good agreement with pre-
vious neutron diffraction data taken on crystals from the
same growth batch [18]. Above TCDW, the elastic intensity
due to diffuse scattering from the sample is very small,
which implies that our sample had very little structural
disorder. It stays low until very close to TCDW [see the inset
in Fig. 1(e)], where a weak elastic ‘‘central’’ peak consis-
tent with low energy critical fluctuations appears.
The phonon energy at qCDW softens on cooling

[Fig. 1(f)] following a power law !qðTÞ ¼ ½ðT & TcÞ=Tc'!
with ! ¼ 0:48 ( 0:02, the value predicted by mean-field
theory [3]. As the phonon softens, the damping increases
and the phonon becomes critically damped, i.e., !=~!q ¼ 1,
at TCDW [Fig. 1(f)].
Remarkably, we observe the same power law behavior

not only at qCDW but also at h ¼ 0:3 and 0.35, which are
outside the experimental resolution from qCDW and where
the elastic peak is an order of magnitude weaker relative to
the phonon intensity. Moreover, the phonon energies at

FIG. 1 (color online). Temperature dependence of the soft-
phonon mode and the charge-density-wave superlattice peak
near qCDW ¼ ð0:329;0;0Þ. (a)–(d) Energy scans at q ¼
ð3 & h;0;0Þ, h ¼ 0:325, for temperatures 8 K ) T ) 90 K.
Solid (red) lines are fits consisting of damped harmonic oscil-
lators (inelastic) and a pseudo-Voigt function (elastic) (blue
dashed lines). (e) Intensity of the charge-density-wave superlat-
tice peak for T ) 120 K. The inset shows the phonon and
superlattice peak intensities just above Tc. (f),(g) Phonon fre-
quency !q and critical damping ratio !=~!q of the soft-phonon
mode, respectively, at q ¼ ðh;0;0Þ with h ¼ 0:3 (circle), 0.325
(triangle), and 0.35 (square). The solid line in (f) is a power law
fit of the form ½ðT & TcÞ=Tc'! yielding ! ¼ 0:48 ( 0:02.

FIG. 2 (color online). Wave vector dependence of the soft
phonon at T ¼ 33 K. Energy scans at Q ¼ ð3 & h;0;1Þ,
h ¼ 0:275–0:375. Solid (red) lines represent the total fit result
consisting of a damped harmonic oscillator functions (inelastic)
and a pseudo-Voigt function (elastic) (blue dashed lines).
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Strong-anharmonic zero-point fluctuations 
hardens phonon by 500%



rock-salt anharmonic system PdH
[Errea, Calandra, Mauri, PRL 111, 177002 (2013),

Paulatto, Errea, Calandra, Mauri, PRB 91, 054304 (2015)]

Full first principle PBE calculations (not a toy model here!) 

• The small H atoms occupy the octahedral cages of the FFC lattice formed by the 
large Pd atoms

• H atoms perform a rattling (anharmonic)  quantum motion inside the cage

• Superconductor with inverse isotope effect (Tc increases with D and T)

H

Pd



harmonic, SCHA auxiliary and measured phonons
[Errea, Calandra, Mauri, PRL 111, 177002 (2013)]Harmonic and Anharmonic phonon spectra of palladium

hydrides
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Harmonic and Anharmonic phonon spectra of palladium
hydrides
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DFT-PBE first-principles phonons (quantum espresso)

lHarmonic frequency imaginary in PdH/ and PdD and up to ~ 5 times smaller
than in experiment



Strong-anharmonic zero-point fluctuations stabilize 
“statically” unstable high symmetry phases



66 | Nature | Vol 578 | 6 February 2020

Article

Quantum crystal structure in the 250-kelvin 
superconducting lanthanum hydride

Ion Errea1,2,3, Francesco Belli1,2, Lorenzo Monacelli4, Antonio Sanna5, Takashi Koretsune6, 
Terumasa Tadano7, Raffaello Bianco2, Matteo Calandra8, Ryotaro Arita9,10, Francesco Mauri4,11 
& José A. Flores-Livas4*

The discovery of superconductivity at 200 kelvin in the hydrogen sulfide system at 
high pressures1 demonstrated the potential of hydrogen-rich materials as high-
temperature superconductors. Recent theoretical predictions of rare-earth hydrides 
with hydrogen cages2,3 and the subsequent synthesis of LaH10 with a superconducting 
critical temperature (Tc) of 250 kelvin4,5 have placed these materials on the verge of 
achieving the long-standing goal of room-temperature superconductivity. Electrical 
and X-ray diffraction measurements have revealed a weakly pressure-dependent Tc for 
LaH10 between 137 and 218 gigapascals in a structure that has a face-centred cubic 
arrangement of lanthanum atoms5. Here we show that quantum atomic fluctuations 
stabilize a highly symmetrical Fm m3  crystal structure over this pressure range. The 
structure is consistent with experimental findings and has a very large electron–
phonon coupling constant of 3.5. Although ab initio classical calculations predict that 
this Fm m3  structure undergoes distortion at pressures below 230 gigapascals2,3, 
yielding a complex energy landscape, the inclusion of quantum effects suggests that it 
is the true ground-state structure. The agreement between the calculated and 
experimental Tc values further indicates that this phase is responsible for the 
superconductivity observed at 250 kelvin. The relevance of quantum fluctuations 
calls into question many of the crystal structure predictions that have been made for 
hydrides within a classical approach and that currently guide the experimental quest 
for room-temperature superconductivity6–8. Furthermore, we find that quantum 
effects are crucial for the stabilization of solids with high electron–phonon coupling 
constants that could otherwise be destabilized by the large electron–phonon 
interaction9, thus reducing the pressures required for their synthesis.

The potential of metallic hydrogen as a high-Tc superconductor10 
was identified shortly after the development of Bardeen–Cooper–
Schrieffer theory, which explains superconductivity using the elec-
tron–phonon coupling mechanism. The main argument in favour of 
metallic hydrogen was that Tc can be maximized for light compounds 
owing to their high vibrational frequencies. Because high pressures 
are required to metallize hydrogen11, chemical precompression with 
heavier atoms12,13 was suggested as a pathway by which to decrease the 
pressure needed to reach metallicity and, therefore, superconductivity. 
These ideas have been realised using modern ab initio crystal structure 
prediction methods based on density functional theory (DFT)7,14,15. 
Hundreds of hydrogen-rich compounds have been predicted to be ther-
modynamically stable at high pressures, and their Tc values have been 
estimated by calculating the electron–phonon interaction6,7. The suc-
cess of this co-operation between DFT crystal-structure predictions and 
Tc calculations was exemplified by the discovery of superconductivity 

in H3S at 200 K1,16,17. The prospects for discovering hydrogen-based 
high-Tc superconductors in the near future are therefore high, with 
rare-earth hydrides with sodalite-like clathrate structures showing 
particular promise2,3. This is in clear contrast to other high-Tc super-
conducting families such as cuprates or pnictides, in which the lack 
of a clear understanding of the superconducting mechanism hinders 
an in silico-guided approach.

DFT predictions of the La–H system proposed LaH10 to be thermo-
dynamically stable against decomposition at high pressures2. A soda-
lite-type structure with space group Fm m3   and Tc ≈ 280 K at pressures 
greater than around 220 GPa was suggested as a candidate for high-Tc 
superconductivity2,3 (Fig. 1). Distorted versions of the Fm m3  structure 
with space group C2/m and a rhombohedral lanthanum sublattice were 
also discussed18, and shortly after the first predictions2,3, a lanthanum 
superhydride was synthesized by heating a lanthanum sample with a 
laser in a hydrogen-rich atmosphere inside a diamond anvil cell (DAC)19. 
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Schrieffer theory, which explains superconductivity using the elec-
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metallic hydrogen was that Tc can be maximized for light compounds 
owing to their high vibrational frequencies. Because high pressures 
are required to metallize hydrogen11, chemical precompression with 
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stabilize a highly symmetrical Fm m3  crystal structure over this pressure range. The 
structure is consistent with experimental findings and has a very large electron–
phonon coupling constant of 3.5. Although ab initio classical calculations predict that 
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yielding a complex energy landscape, the inclusion of quantum effects suggests that it 
is the true ground-state structure. The agreement between the calculated and 
experimental Tc values further indicates that this phase is responsible for the 
superconductivity observed at 250 kelvin. The relevance of quantum fluctuations 
calls into question many of the crystal structure predictions that have been made for 
hydrides within a classical approach and that currently guide the experimental quest 
for room-temperature superconductivity6–8. Furthermore, we find that quantum 
effects are crucial for the stabilization of solids with high electron–phonon coupling 
constants that could otherwise be destabilized by the large electron–phonon 
interaction9, thus reducing the pressures required for their synthesis.
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was identified shortly after the development of Bardeen–Cooper–
Schrieffer theory, which explains superconductivity using the elec-
tron–phonon coupling mechanism. The main argument in favour of 
metallic hydrogen was that Tc can be maximized for light compounds 
owing to their high vibrational frequencies. Because high pressures 
are required to metallize hydrogen11, chemical precompression with 
heavier atoms12,13 was suggested as a pathway by which to decrease the 
pressure needed to reach metallicity and, therefore, superconductivity. 
These ideas have been realised using modern ab initio crystal structure 
prediction methods based on density functional theory (DFT)7,14,15. 
Hundreds of hydrogen-rich compounds have been predicted to be ther-
modynamically stable at high pressures, and their Tc values have been 
estimated by calculating the electron–phonon interaction6,7. The suc-
cess of this co-operation between DFT crystal-structure predictions and 
Tc calculations was exemplified by the discovery of superconductivity 

in H3S at 200 K1,16,17. The prospects for discovering hydrogen-based 
high-Tc superconductors in the near future are therefore high, with 
rare-earth hydrides with sodalite-like clathrate structures showing 
particular promise2,3. This is in clear contrast to other high-Tc super-
conducting families such as cuprates or pnictides, in which the lack 
of a clear understanding of the superconducting mechanism hinders 
an in silico-guided approach.

DFT predictions of the La–H system proposed LaH10 to be thermo-
dynamically stable against decomposition at high pressures2. A soda-
lite-type structure with space group Fm m3   and Tc ≈ 280 K at pressures 
greater than around 220 GPa was suggested as a candidate for high-Tc 
superconductivity2,3 (Fig. 1). Distorted versions of the Fm m3  structure 
with space group C2/m and a rhombohedral lanthanum sublattice were 
also discussed18, and shortly after the first predictions2,3, a lanthanum 
superhydride was synthesized by heating a lanthanum sample with a 
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On the basis of the unit cell volume obtained by X-ray diffraction, the 
hydrogen-to-lanthanum ratio was estimated to be between 9 and 12. 
The lanthanum atoms adopted a face-centred cubic (fcc) arrangement 
at pressures greater than about 160 GPa, whereas at lower pressures 
the lattice was rhombohedral with a lanthanum sublattice of the R m3  
space group. Owing to the small X-ray cross-section of hydrogen, it is 
not experimentally possible to resolve the hydrogen sublattice directly. 
More recently, evidence of a superconducting transition at 260 K and 
188 GPa was reported in a lanthanum superhydride4,20. These findings 
were subsequently confirmed by the measurement of a Tc of 250 K from 
137 to 218 GPa in a structure with an fcc arrangement of the lanthanum 
atoms, suggesting a LaH10 stoichiometry5.

Although it is tempting to assign the superconductivity at 250 K to 
the previously predicted Fm m3  phase2–5, there is a clear problem: the 
Fm m3  structure is predicted to be dynamically unstable over the whole 
pressure range in which a 250 K Tc has been observed. This would imply 
that the Fm m3  phase is not a minimum of the Born–Oppenheimer 
energy surface, and consequently a Tc has not been estimated for this 
phase in the experimental pressure range. The contradiction between 
the observation of superconductivity and the predicted instability of 
the Fm m3  phase may indicate a problem with the classical treatment 
of the atomic vibrations in the calculations. Considering that quantum 
proton fluctuations symmetrize hydrogen bonds in the high-pressure 
X phase of ice21 and in H3S22,23, a similar situation is expected in LaH10. 
Here we show how quantum atomic fluctuations completely reshape 
the energy landscape by removing classical local minima, rendering 
the Fm m3  phase the true ground state and the state responsible for 
the observed superconducting critical temperature.

We start by using DFT to calculate the lowest-enthalpy structures of 
LaH10 as a function of pressure, using state-of-the-art methods for the 
prediction of crystal structure24. The contribution associated with 
atomic fluctuations is not included, so that the energy corresponds 
solely to the Born–Oppenheimer energy V(R), where R represents the 
position of atoms treated classically as simple points. As shown in Fig. 1, 
different distorted phases of LaH10 are thermodynamically more stable 

than the Fm m3  phase. At pressures greater than about 250 GPa, all 
phases merge to the Fm m3   symmetric phase. These results are in agree-
ment with previous calculations2, even though we identify other pos-
sible distorted structures with lower enthalpy—such as the R m3 , C2 
and P1 (not shown) phases. These phases feature distortion not only 
in the position of the hydrogen atoms but also in the lanthanum sublat-
tice, leading to a non-fcc arrangement that should be detectable by 
X-ray analysis (see Extended Data Fig. 1). The fact that many structures 
are predicted emphasizes that the classical V(R) energy surface has a 
multifunnel structure that is tractable to many different saddle and 
local minima, as shown in Fig. 1.

This picture completely changes when we include the energy of 
quantum atomic fluctuations—the zero-point energy. We calculate the 
zero-point energy within the stochastic self-consistent harmonic 
approximation (SSCHA)25,26. The SSCHA is a variational method that 
calculates the energy of the system RE( ( )) including atomic quantum 
fluctuations as a function of the centroid positions R, which determine 
the centre of the ionic wave functions. The calculations are performed 
without approximating V(R), keeping all of its anharmonic terms. We 
perform a minimization of RE( ) and determine the centroid positions 
at its minimum. By calculating the stress tensor from RE( ) (ref. 26),  
we relax the lattice parameters in order to find structures with isotropic 
stress conditions considering quantum effects. We start the quantum 
relaxation for both R m3  and C2 phases with the lattice that yields a 
classical isotropic pressure of 150 GPa and vanishing classical forces—
that is, calculated from V(R). All quantum relaxations quickly evolve  
into the Fm m3  phase (Extended Data Fig. 4). This suggests that the quan-
tum energy RE( ( )) landscape is much simpler than the classical V(R)  
landscape, as shown in Fig. 1, and that the ground state of LaH10 over  
the pressure range of interest is the Fm m3  phase with sodalite-type  
symmetry. The quantum effects are substantial, reshaping the  
energy landscape and stabilizing structures by more than 60 meV  
per LaH10.

Our results further confirm that the Fm m3  phase of LaH10 is respon-
sible for the superconductivity at 250 K. This is consistent with the fcc 
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Fig. 1 | Quantum effects stabilize the symmetric 
Fm m3  phase of LaH10. a, Enthalpy as a function of 
pressure for different structures of LaH10, 
neglecting zero-point energy in the calculations. 
Here, pressure is calculated classically from V(R), 
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Experimentally the high-Tc Fm-3m cubic-phase is stable down to 130 Gpa,
but without zero-point motion is unstable below 270 Gpa
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The discovery of superconductivity at 200 kelvin in the hydrogen sulfide system at 
high pressures1 demonstrated the potential of hydrogen-rich materials as high-
temperature superconductors. Recent theoretical predictions of rare-earth hydrides 
with hydrogen cages2,3 and the subsequent synthesis of LaH10 with a superconducting 
critical temperature (Tc) of 250 kelvin4,5 have placed these materials on the verge of 
achieving the long-standing goal of room-temperature superconductivity. Electrical 
and X-ray diffraction measurements have revealed a weakly pressure-dependent Tc for 
LaH10 between 137 and 218 gigapascals in a structure that has a face-centred cubic 
arrangement of lanthanum atoms5. Here we show that quantum atomic fluctuations 
stabilize a highly symmetrical Fm m3  crystal structure over this pressure range. The 
structure is consistent with experimental findings and has a very large electron–
phonon coupling constant of 3.5. Although ab initio classical calculations predict that 
this Fm m3  structure undergoes distortion at pressures below 230 gigapascals2,3, 
yielding a complex energy landscape, the inclusion of quantum effects suggests that it 
is the true ground-state structure. The agreement between the calculated and 
experimental Tc values further indicates that this phase is responsible for the 
superconductivity observed at 250 kelvin. The relevance of quantum fluctuations 
calls into question many of the crystal structure predictions that have been made for 
hydrides within a classical approach and that currently guide the experimental quest 
for room-temperature superconductivity6–8. Furthermore, we find that quantum 
effects are crucial for the stabilization of solids with high electron–phonon coupling 
constants that could otherwise be destabilized by the large electron–phonon 
interaction9, thus reducing the pressures required for their synthesis.

The potential of metallic hydrogen as a high-Tc superconductor10 
was identified shortly after the development of Bardeen–Cooper–
Schrieffer theory, which explains superconductivity using the elec-
tron–phonon coupling mechanism. The main argument in favour of 
metallic hydrogen was that Tc can be maximized for light compounds 
owing to their high vibrational frequencies. Because high pressures 
are required to metallize hydrogen11, chemical precompression with 
heavier atoms12,13 was suggested as a pathway by which to decrease the 
pressure needed to reach metallicity and, therefore, superconductivity. 
These ideas have been realised using modern ab initio crystal structure 
prediction methods based on density functional theory (DFT)7,14,15. 
Hundreds of hydrogen-rich compounds have been predicted to be ther-
modynamically stable at high pressures, and their Tc values have been 
estimated by calculating the electron–phonon interaction6,7. The suc-
cess of this co-operation between DFT crystal-structure predictions and 
Tc calculations was exemplified by the discovery of superconductivity 

in H3S at 200 K1,16,17. The prospects for discovering hydrogen-based 
high-Tc superconductors in the near future are therefore high, with 
rare-earth hydrides with sodalite-like clathrate structures showing 
particular promise2,3. This is in clear contrast to other high-Tc super-
conducting families such as cuprates or pnictides, in which the lack 
of a clear understanding of the superconducting mechanism hinders 
an in silico-guided approach.

DFT predictions of the La–H system proposed LaH10 to be thermo-
dynamically stable against decomposition at high pressures2. A soda-
lite-type structure with space group Fm m3   and Tc ≈ 280 K at pressures 
greater than around 220 GPa was suggested as a candidate for high-Tc 
superconductivity2,3 (Fig. 1). Distorted versions of the Fm m3  structure 
with space group C2/m and a rhombohedral lanthanum sublattice were 
also discussed18, and shortly after the first predictions2,3, a lanthanum 
superhydride was synthesized by heating a lanthanum sample with a 
laser in a hydrogen-rich atmosphere inside a diamond anvil cell (DAC)19. 
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was identified shortly after the development of Bardeen–Cooper–
Schrieffer theory, which explains superconductivity using the elec-
tron–phonon coupling mechanism. The main argument in favour of 
metallic hydrogen was that Tc can be maximized for light compounds 
owing to their high vibrational frequencies. Because high pressures 
are required to metallize hydrogen11, chemical precompression with 
heavier atoms12,13 was suggested as a pathway by which to decrease the 
pressure needed to reach metallicity and, therefore, superconductivity. 
These ideas have been realised using modern ab initio crystal structure 
prediction methods based on density functional theory (DFT)7,14,15. 
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Tc calculations was exemplified by the discovery of superconductivity 
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high-Tc superconductors in the near future are therefore high, with 
rare-earth hydrides with sodalite-like clathrate structures showing 
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conducting families such as cuprates or pnictides, in which the lack 
of a clear understanding of the superconducting mechanism hinders 
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DFT predictions of the La–H system proposed LaH10 to be thermo-
dynamically stable against decomposition at high pressures2. A soda-
lite-type structure with space group Fm m3   and Tc ≈ 280 K at pressures 
greater than around 220 GPa was suggested as a candidate for high-Tc 
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with space group C2/m and a rhombohedral lanthanum sublattice were 
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Extended Data Fig. 7 | SSCHA minimization on LaH10 and DOS. Top left and 
top right, two initial structures (C2 and R m3 ) of low enthalpy that were 
considered in our SSCHA simulations. When considering quantum effects, 
both structures evolve towards the Fm m3  structure. The corresponding total 
electronic DOS at different pressures is plotted for each structure (for 
comparison, at the same energy scale). The highly symmetric motif Fm m( 3 ) 

maximizes NEF
, whereas in distorted structures (R m3  and C2) the occupation at 

the Fermi level is reduced by more than 23% for C2 and by 11% for R m3  (with 
respect to Fm m3  at 150 GPa). Values at classical pressures are shown for 
comparison. Note that the shape of the DOS plot is also strongly modified at 
different pressures.



Violation of Boltzmann theory to describe phonon thermal 
conductivity in strong anharmonic regime
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Boltzmann equation Phonon heat propagation in crystals: Boltzmann equation  
[Peierls, Ann. der Phys. 395, 1055 (1929)]
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Phonon heat propagation in crystals: Boltzmann equation  
[Peierls, Ann. der Phys. 395, 1055 (1929)]

in “simple” crystals (few atoms per unit cell) with DFT phonons and scattering rates well 
reproduces the experimental conductivity 

@nks(r, t)

@t
+ vks ·rr nks(r, t) =

@nks
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If cubic anharmonicity dominates, for T>TDebye the conductivity k decreases as 1/T (as 
experimentally observed in many low-defect “simple” crystals)

We calculate the thermal conductivity, !!i"=!zz
!i", of Si

and Ge for heat current parallel to the direction of the tem-
perature gradient, which is taken to lie along the #001$ !z"
direction of the diamond lattice. The cubic symmetry is veri-
fied numerically by assuring that !zz

!i"=!xx
!i"=!yy

!i" and that !xy
!i"

=!yz
!i"=!xz

!i"=0. Contributions to the intrinsic lattice thermal
conductivity for different phonon branches are obtained by
summing the integrand in Eq. !4" over all wave vectors. We
find that the contribution is dominated by the acoustic
branches. Specifically, at room temperature, the acoustic
branches provide 95% of the contribution to the thermal con-
ductivity for Si and 92% for Ge. This, however, does not
mean that the optic phonons are unimportant. In fact, to the
contrary, they provide a dominant scattering channel for the
heat-carrying acoustic phonons which, if removed would
precipitate a dramatic increase in the thermal
conductivity.9,10

The calculated intrinsic lattice thermal conductivities for
silicon and germanium between 100 and 300 K are com-
pared with measured values13,14 in Fig. 1. The high isotopic
purity !99.9% 28Si and 99.9% 70Ge" and quality of these
samples ensure that the dominant mechanism that limits the
thermal conductivity is phonon-phonon scattering. The
agreement between theory and experiment seen in Fig. 1 is
exceptionally good. For example, at room temperature the
calculated value for Si !Ge" is only 2% !5%" different than
the corresponding measured value. This is particularly no-
table given the poor agreement obtained by us using the EIP
models for the IFCs.10 Previous molecular dynamics calcu-
lations of !!i" using different EIPs for Si obtained room tem-
perature values of about 2.4 !Ref. 7" and 1.4 W /cm K,8

about 60% higher and 10% lower, respectively, than the mea-
sured value.13 This wide variation could be due to the sensi-
tivity of the result to the EIP used in each calculation and
that molecular dynamics approaches are expected to be more
accurate at high temperatures.

The computational rigor of the present approach cur-
rently precludes consideration of bulk materials with very
large unit cells.22 However, in some nanosystems this is not
the case. For example, single-walled carbon nanotubes
whose unit cells may contain several tens of atoms could
nevertheless be treated using the present theory because the
phonon wave vectors are only one dimensional so that the
phase space for phonon-phonon scattering is dramatically re-
ducing compared to a bulk system with similar sized unit
cell.

To our knowledge, the theoretical results presented here
are the only ones to date to provide excellent agreement with
measured lattice thermal conductivities of any material over
a substantial temperature range using a first-principles-based
adjustable-parameter-free approach. The demonstrated accu-
racy of our theory applied to silicon and germanium suggests
its predictive potential for calculating the !!i" of many other
bulk and nanostructured materials of scientific and techno-
logical interest. Calculations of !!i" for other bulk materials
are currently underway to further verify the predictive capa-
bility of the theory.
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Complex crystals as intermediate state between simple crystal and glasses
[M. Simoncelli, N. Marzari & F. Mauri, Nat. Phys. (2019)]
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Failure of Boltzmann theory  in Complex crystals

Peierls-Boltzmann theory systematically underestimates the (low) conductivity

Problem addressed with phenomenological models
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experimental conductivity decreases slower than 1/T and could also increase with T (glass-like 
behavior)

problem addressed with phenomenological models

The NZ specimen coated in the described way showed no
failure of the platinum coating during the process of measurement,
and the values of the thermal conductivity are given in Fig. 1.
Light microscopy investigations of the specimen surface after the
measurement gave evidence of the unfailed coating.
For the pure europium zirconate (EZ), it was not possible to

fabricate a dense specimen using hot pressing, because the
densified specimen disintegrated during the heat-treatment step 7
because of cracking. We think that the formation of the cracks was
induced by a change of the structure and volume due to a changing
valence state of the europium. The lack of oxygen during hot
pressing probably led to the formation of divalent europium in the
structure, which converted to the trivalent state while the specimen
was heat-treated in air after pressing. Changes of the thermal
expansion coefficient supported this assumption (see below).
A determination of the thermal diffusivity of EZ was not

possible because of the reasons described.

(3) Specific Heat Capacity
Values of the specific heat capacity (Cp) of the materials are

shown in Fig. 2. No measurements for the pure europium zirconate
were made, because the missing thermal diffusivity data prevented
the determination of the thermal conductivity data.
As mentioned before, some materials measurements that were

performed using alumina crucibles did not lead to reliable values.
In the case of LZ30Gd, the measurement was repeated using a
platinum crucible. The platinum crucible values are shown here.
For the other five materials, the exhibited specific heat capacities
were obtained from measurements in alumina crucibles. The
curves for GZ00 and LZ30Eu are shown only up to temperatures
of 450° and 1000°C, respectively. Above these temperatures, the
attained values tended to decrease rapidly with further increased

temperature because of the occurrence of a chemical reaction
between the specimen and the crucible material.

(4) Thermal Conductivity
Thermal conductivity versus temperature calculated according

to Eq. (10) is plotted in Fig. 3. The errors were calculated
according to the law of error propagation according to Gauss. We
omitted error bars in Fig. 3 to better exhibit the data, but they were
only slightly larger than the symbols.
Below 1000°C, the thermal conductivities of all the investigated

materials were lower than that of the lanthanum zirconate. In the
temperature range from room temperature to 1000°C, the thermal
conductivities of the substances in which 30% of the lanthanum
was substituted (LZ30Nd, LZ30Eu, LZ30Gd) decreased with
increased mass number of the substituted element. That was
expected from theory. The values of the dysprosium-containing
specimen were not directly comparable with the others, because it
contained only half the amount of the substituted element. Also,
the thermal conductivities of the completely substituted materials

Fig. 1. Thermal diffusivity versus temperature for partial and complete
substitution of lanthanum in lanthanum zirconate and for pure lanthanum
zirconate (values of lanthanum zirconate from Ref. 4).

Fig. 2. Specific heat capacity versus temperature for partial and complete
substitution of lanthanum in lanthanum zirconate and for pure lanthanum
zirconate (values of lanthanum zirconate from Ref. 4).

Fig. 3. Thermal conductivity versus temperature for partial and complete
substitution of lanthanum in lanthanum zirconate and for pure lanthanum
zirconate.

Table II. Denominations and Densities of the
Investigated Substances

Denomination Formula

Theoretical
density
(g!cm!3)

LZ La2Zr2O7 6.05
NZ Nd2Zr2O7 6.4610
Ez Eu2Zr2O7 6.8157
GZ Gd2Zr2O7 6.9930
LZ30Nd La1.4Nd0.6Zr2O7 6.1801
LZ30Eu La1.4Eu0.6Zr2O7 6.2674
LZ30Gd La1.4Gd0.6Zr2O7 6.3253
LZ15Dy La1.7Dy0.3Zr2O7 6.2221
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Take-home message
If we measure excitations even if the strong anharmonic regime by, e.g. Xray inelastic 
scattering we observe quasiparticles that looks like phonon with finite (large) line-
width.

It should be possible to find an interacting mean-field approach to describe phonon-
phonon interaction with an effective phonon-like description
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