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What is electron-phonon interaction ?

Electron-phonon interaction characterizes the interaction between electrons and the motion of

nuclei.
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How is el-ph. interaction relevant? What quantities does it affect?
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First example: the intrinsic resistivity of metals

mostly due to the electron-phonon interaction for k. T 2 i
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See O. Gunnarsson, M. Calandra, and J. E. Han
Rev. Mod. Phys. 75, 1085 (2003)
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First example: the intrinsic resistivity of metals

mostly due to the electron-phonon interaction for k. T 2 hw

= S

Nb,Sb

=

o(T) (u£20m)
o8 33380833

| ——
1 Temperature range where the
el-ph scattering is dominant!
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T (K)
Temperature region where the See O. Gunnarsson, M. Calandra, and J. E. Han
el-el scattering is relevant Rev. Mod. Phys. 75, 1085 (2003)
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Second example: electron-phonon mediated superconductivity
LETTER

Conventional superconductivity at 203 kelvin at high
pressures in the sulfur hydride system

A. P.Drozdov'*, M. L. Eremets', I. A. Troyan', V. Ksenofontov? & S. I. Shylin®

doi:10.1038/nature14964
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Conventional superconductivity is due to the electron-phonon interaction
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Third example: temperature dependence of band gaps in semiconductors
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M. Cardona, S. Gopalan, Progress in Electron Properties of Solids pp 51-64
P.B. Allen and M. Cardona Phys. Rev. B 27 4760 (1983)
G. Antonius, et al., Phys. Rev. Lett. 112, 215501 (2014).
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Fourth example: angle-resolved photoemission spectroscopy (ARPES)

photon source energy analyser

bX
v

hv

UHV - Ultra High Vacuum
(p <1077 mbar)

Energy conservation:

‘ Sample —
Ein - Ekm + EB (k//, solid)

E, = Binding Energy

—_—

k//, solid

We measure Ek,-n ,'9

Initial state (incident photon)
p,=tk;, E =t
Final state (extracted electron)
2712
h kf
2m

Momentum conservation

pf= hkf Ekin =

k//,i =Ry

1
k",f - E w/szkin sm(9)

toobtain E, k..
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ARPES: kinks in electronic structure due to the electron-phonon interaction

(a)

(c)

-0.05F

Energy (eV)

-0.25 1

-0.15f

-0.20f

0.00F - - — =

00 01 02 03 o

Momentum (A ')

Intensity

Y

1
1
= 1
e ' DFT bands
> \
@ 0.1 !
£ 1
1
0.15
-0.20 S B L
00 01 02 03
Momentum (A")
(d)s.10 100
p; (k - ko, E)

0.04 34
-0.25 -0.20 -0.15 -0.10 -0.05
Energy (eV)

Mou et al. Phys. Rev. B 91, 140502(R)
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Inelastic X-ray scattering to measure phonons

dQ

photon
neutron
electron
helium atom

* Energy transfer:
E;(—E,=E (0.001 —1¢eV)

® Nﬁ[omelltumqtr ansfer:
k,—k =Q (0.0001—100 nm")

Q=ks -k
E=E; - E
Ly = cky
Eq; — quj
E << Ej
b << E;

1
Q= \/(kf —k;)? = 0—2\/E} + Ez2 — 2F,;Ff cos(20) ~

2F; \/1 — cos(26)

c2 2
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Fifth example: inelastic X-ray scattering spectra

| q=0.6 T-A
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Fifth example: inelastic X-ray scattering spectra

Energy of the phonon line : | g=0.6 T-A

—¥ Harmonic phonon frequency
—» Anharmonic shift

B
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Fifth example: inelastic X-ray scattering spectra

Energy of the phonon line : | g=0.6 T-A

—¥ Harmonic phonon frequency
—» Anharmonic shift

Intensity of the phonon line :

—» Phonon eigenvectors

NUMBER OF SCATTERED PHOTONS

100
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Fifth example: inelastic X-ray scattering spectra

Energy of the phonon line : | 9=0.6 T-A |
—¥ Harmonic phonon frequency § ]
—» Anharmonic shift ol j {
= {
Intensity of the phonon line : A H !
@]
o f 1
— Phonon eigenvectors g ff IE ;}Ef_)i _
| | zég }1 mllliiiﬁi | m%m_
Phonon linewidth : ooty el
electron
—» Decay of a phonon in an electron-hole pair -
due to the electron-phonon coupling phonon hole
+ -~ phonon
~ s
—» Anharmonicity: decay of a phonon in two ;o;o_n_ < -
phonons conserving energy and momentum P RN phonon
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Sixth example: ZrTe, 1D metal, charge-density wave phase seen in IXS

Qqu energy (meV)

-3.88 -3.92 -3.96 -4.00
along ggpy (@* component)

Hoesch, et al. Phys. Rev. Lett. 102, 086402 (2009)
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Absorption coefficient o (cm")

Seventh example: electron-phonon mediated optical absorption
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Gap of silicon is indirect (1.2 eV), minimum direct gap is 3.4 eV.

Direct optical absorption impossible in the visible.

Absorption in the visible is phonon-assisted, enables silicon solar cells.

Silicon captures photons above 1.1 eV

PHYSICAL REVIEW LETTERS

PRL 108, 167402

(2012)

week ending
20 APRIL 2012

Phonon-Assisted Optical Absorption in Silicon from First Principles

Jesse Noffsinger,]’2 Emmanouil Kioupakis,3 4 Chris G. Van de Walle,3 Steven G. Louie,l’2 and Marvin L. Cohen'
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Electron-phonon mediated optical absorption

Fermi golden rule @ first order

27 ) —
Py = —h—l 1L i) 8E, — E; F hw)

No absorption below the gap
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Electron-phonon mediated optical absorption

Fermi golden rule @ second order

" _ 27 (edo V| Weral Vol@ T) o> Ma’” <pics] € * P Ipar,> [P
e w \me ) | Ey(k,) — E,(k,) — ho
x 8(Ey(k;) — E (k) — hw + hary). (5-42)

Virtual band

E
\ Conduction band

g

N

Valence band

Absorption below gap possible via electron-phonon scattering
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Outline

Born Oppenheimer (BO) and exact factorization

Electron-phonon matrix elements
Second quantization of the electron-phonon Hamiltonian
Effects on the electrons

Effects on the phonons

O O O o O O3

Electron-phonon driven superconductivity
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Outline

[ Born Oppenheimer (BO) and exact factorization
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Cystalline systems: notation

51, 62, 53 direct lattice vectors.

The coordinate of each atom is identified by

Rra=Rp+7a
Y
Cell Atom in the
index cell

R =1ia; + jaz + la3
L=(i,j3,0)
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Crystal Hamiltonian

2
P74 P; ,
H = E 2MA+V R) + 2m+Ve(r)+Vw(r,R)

7
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Crystal Hamiltonian

2
LA P; :
H = §j2MA+V R) + 2m+Ve(r)+Vze(r,R)
’

Purely lonic part

7

62 ZAZB
vm) =
2 LAZ;B IRra — Ry
(L,A)#(L,B)

Z4A atomic number
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Crystal Hamiltonian

2
p.
H = LA+V L+ Vo(r) + Vie(r,R
Z 2MA ) i 2m 6( ) ze( ) )
Purely lonic part Electronic part
V(R) _ 5 Z YAV %(I‘,R) — e_z 1
i 2 2 Ria- Rl 2 7 r; — ;)
(L,A)#(L,B)

Z4 atomic number r electronic coordinate
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Crystal Hamiltonian

P2
H:L§;2]‘Z+WR)+;

2

p?
: e 1€ 7R
L V() fr Vie(r R)

v

Purely lonic part

v

Electronic part

62 ZAZB
vm) =
2 LAZ;B IRra — Ry
(L,A)#(L,B)

Z4A atomic number

2
e
%(r,R) - EZ |I" —1"|
gg '+ W
7]

r. electronic coordinate

1

Vie(r, R) = —Z

i,LA

Z e?

IRpa — rj

« Bare » electron-ion interaction
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Crystal Hamiltonian

2
P74 P; ,
H= Z oy T AR 2 gy V) Vel R)
’
Electronic Hamiltonian
p?
He = QT;‘FV()‘FVemt(I' R)

June 29, 2023 - Donostia/San Sebastian, Spain



Exact factorization

2
LA P;
H = EQMAH/ (R) + i2m+V()+Vze(rR)
%—'hé o(r,R,t) =0
zat ) 9 -

The exact solution of this equation is written as

where for any t and any fixed ionic configuration R

2 /dr\w(r,R, > =

Hunter, J. Quantum Chem., 9: 237-242 (1975)
Abedi et al. Phys. Rev. Lett. 105 123002 (2010)
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Recasting the problem in terms of the ionic eigenvector

We can apply the Hamiltonian to the product of the functions:
P2

HXR)Y(@,R) = 2—]\;[ X(R)Y(r, R)] + x(R)Hat(r, R) = £ x(R)y(r, R).
I
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Recasting the problem in terms of the ionic eigenvector

We can apply the Hamiltonian to the product of the functions:

®pER) = Yo P (R)p(r, R)] + x(R)Hoh(r, R) = € X(R)6(r, R).
This leads to:

2Mp
Hxy = Z«p x+Z2M 2(Prx)Pr + X (P] + Ha)| ¢ = € X9
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Recasting the problem in terms of the ionic eigenvector

We can apply the Hamiltonian to the product of the functions:
P2
HXBUER) = 30 gp W R) + xR Hab(r R) = £ X(R)V(r B)
This leads to:

/ﬂ—' Z¢ X+Z2M PIXPI+X(PI+Hel)]¢:£X;D
/drw

fav
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Recasting the problem in terms of the ionic eigenvector
We can apply the Hamiltonian to the product of the functions:
MR = 3 S RV R+ X g5 ) = x(R)(e, )
This leads to:

/% Z¢ X+Z2M PIXPI+X(PI+Hel)]¢:£X;D

f e [aew

This leads to:

Z2MIX+ZQM 2(P1x) ($[P1lv) + x($[PF)] + x (| Halp) = € x
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Recasting the problem in terms of the ionic eigenvector

We can apply the Hamiltonian to the product of the functions:

H(RWER) = 3o

X+Z2M

P2
2M;

—L [x(R)y(r,R)] + x(R)Hat(r,R) = £ x(R)y(r, R).

2(Prx)Pr+ x (P74 Ha)] ¥ = Ex¥

\

fre

2(Pr)(¥[Prl9) + x(WIPTI¥)] + x(|Health) = € x

This leads to:
Hxy = 1/)
//' Z
/drz/)
This leads to:
Z2M1X+Z2M
So th /
o that:
S T
with:
\

(Y|Pr[¥)Pr + Z

E(R) =

wlP [¥) + E(R)

<¢|Hel|¢>

x=E&x

EXACT EQUATION -/
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Born-Oppenheimer approximation . i‘a

Z Z wleleI+Z ~(WIPHY) + E(R) | x = £ X
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Born-Oppenheimer approximation
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Born-Oppenheimer approximation

)
g

E(R) = ($|Halt)

® Electron and ions completely decoupled; no terms left coupling electrons and phonons.

e Eigenfunctions of the electronic problem ’(ﬁn (I’, R)

e Eigenfunctions of the ionic problem (harmonic) Xﬁ(R)

mb — ZI 2M + E(R)

We now want to treat the neglected terms in perturbation theory.
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Outline

[ Born Oppenheimer (BO) and exact factorization

[ Electron-phonon matrix elements
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Neglected terms in the BO

P2
(Xp¥m|HIxe¥n) = (Xel [Z 20 +ER )] |Xe)O¢,p0n,m

+Z Xp|PI|X§ (Ym[Prtpn) +Z

¢m|P%"¢n>5p,£

—

A = 3 2 0 IPrlxe) (WP rn)

|

I AR = 3 oy Pl
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Expansion around equilibrium position
Equilibrium position R, ¥a(r, R?) = wg
We expand wn(r, R) = wn as:

Y = YO+ 6y = Y0 + 6 + 692 4 ... =

%/ AH,|yyp) NAH, | ,) (Yo [AH |9,
= W+ Y | | +ZZ |0 | ) S (I) 0| >2/
€ — €9, e — e € — €
n'#n n n'#nm’'#n n
Perturbation theory with
AHe = He(R) = He(RO ZVUJH uy + = ZVquuIH ujus + ..

IJ
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Expansion around equilibrium position
Equilibrium position R, ¥a(r, R?) = wg
We expand wn(r, R) = wn as:

Y = YO+ 6y = Y0 + 6 + 692 4 ... =

0 @anIAHeltbn o | AHe|tbp ) (py | AHe|tbp)
— ¢+Z — 0 "'"ZZ 60_E 0 _ (0 n/
n/#n n n’ n'#n m/#n n n’
Perturbation theory with
AI—Ie = He(R) — He(RO ZVUJH uy + = ZVquuIH ujus + ..
IJ
Then we have to replace ¢n in
1
AHl = EI:E<XP|PI|X§><¢m|PI¢n> ; ¢m|P[|¢n> p,€
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Expansion around equilibrium position: Linear order in R-R,

1
AH' = Z E(XplPI|X€><¢m|PI¢n>
I

(YmlPribn) = / ] (92, + 64m) P (0 + Stp) / d] (42,)"P 183
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Expansion around equilibrium position: Linear order in R-R,

1
AH' = Z E(XplPI|X€><¢m|PI¢n>
I

(YmlPribn) = / ] (92, + 64m) P (0 + Stp) / d] (42,)"P 183

<¢m|PI'¢'n> ~ <¢m|PI5¢n>=
0 |AH,9
= S twhip |l R |

0 _
n'#n €n 6n’

0 P, AH,|y?

0 0
€, —€
n'#n L

nl

Vil Vi, Heltp)

0 _ 0
€~ €m

A

(1 — dmn)
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Expansion around equilibrium position: Linear order in R-R,

1
AH' = Z E(XplPI|X€><¢m|PI¢n>
I

(YmlPribn) = / ] (92, + 64m) P (0 + Stp) / d] (42,)"P 183

(¥m| Vu, He|¥n)

0 _ A0
€h — Em

(1 — 6mn)

1
AH = Y — (v, |P
21: M, <Xp| I|X£>
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Expansion around equilibrium position: Linear order in R-R,

1
The terms | AH® = ZM(wmlP%|¢n>5p’§ are
I

(Gl P2Yn) = / dr] 7, (r, R)P2, (r, R) ~ / ] (92, + 62, P20 + 5l)

As 57,&711 is linear in uy, then P%uI =0 and AH? = 0.

P.S. At second order they are non-zero (nonlinear electron-phonon coupling).
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Expansion around equilibrium position: Linear order in R-R,
Hvib

(Xp¥m|H|xe¥n) =~ (Xl

P2
Z W + E(R) | [X¢)0¢,p0n,m

“ih3 37, olPr alTuBetds) (1 5,

/

We rearrange these terms to obtain the linear electron-phonon coupling.
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Linear electron-phonon coupling
We note that:

[ mbaRI] [ mbauI] —ih—

meaning

—’LFLZ XplPI|X£ =Z<Xp|[ mbauI”Xﬁ) (gp_gf)Z<XP|uI|X§>
I

I

We impose that the scattering among electrons and phonons conserves energy:

Ey—E =€) —¢€

0
m
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Linear electron-phonon coupling
We note that:

P;
Hyip, R1| = [Hyip, = —th—
[Hyip, Ri] = [Hyip,ur] = —i o,

meaning

_ZH’Z X,O|PI|X§ :Z<Xp|[ Hyip,url|xe) = (€ — &) ZXpluI|X£
I I

So that Ey—E =€) —eo

ny L (Vi Vi Helthp)
1 mlYur--el¥n
AH" = —ih - E(Xﬂ'PﬂXﬁ) 6% _ €9n (1 _5mn)

becomes

O0H,
AH! = Z(XPIUI|X§><¢21|VuIHe|¢2> = Z(Xp|uLaa|X£><¢21|8u—m|¢2>

I Lao
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Linear electron-phonon coupling

AHI = Z(XPIHI|X§><¢21|VuIHe|wg> - Z(Xp|uLaa|X§> <¢m|

I Lao

Deformation Potential
(real space)

zqR T .
ULaa =[5 Z\/Tqu “(aqr +a-q) (Harmonic approx.)

~[4n)

8u Fotsia

= 4 / O0H
claRL T 0 e 1.0
Z Z m (Xplaqy + a—qu|X§><¢m|—8uLaa V)

vq Lao
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Linear electron-phonon coupling

Y m’qRL<xp|aqu+a*_q,,|xx,-><wm|au )

vq Lao

Using

B OUqaa 1 —iqr;, O
8“Laa zq: OUuLaa 8'UanLoz N zq: ¢ 0

Uqaa

We have

a0 OH,
eds) Oolaay +al gy Ixe) W0l 5= 147)

qao

- T3\ avatos

w
vq ax qV
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Outline

Born Oppenheimer (BO) and exact factorization

[
[ Electron-phonon matrix elements
[

Second quantization of the electron-phonon Hamiltonian
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Second quantization

O0H,
Ougaa

. h 5
Consider AH' = 33 o onaro— (ea)* (xoloaw + al gy Ixe) (¥ml 5 —1un)
a%qr

vq ax

One body operators are written in second quantization as:

O = Z<¢S|O|¢SI>C:‘S_CS/

where  {|#s)} s any chosen single particle basis.

For a crystal we choose dn = Pin(r) = XUy (r)/VN
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Second quantization
If we define the screened Kohn-Sham potential as  Viks(r) = He — Te

and perform a monochromatic perturbation Vis(r) = e Tugg(r)
We have
Bonl g ) = : v ] dre g (e S e )
=y Y kan [ ety e P 1) =

a’UKs(r)
OUga

Uk+qn >

Defining the electron-phonon matrix element as

gkm,k—l—qn v Z \/aqu/ <

= Ok k+q <ukm

a’UKs( )

aa

Uk+qn >
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Hamiltonian in second quantization (Frolich)

We obtain the electron-phonon Hamiltonian in second quantization:

Bl = 3o+ Tt (s +3) + 525 hssanlasantoa + L)

kn qv k,qg n,m v

with
€kn — <wkn|HKS|¢k+q,m> — €F

and

/ aa *
gkm Jk+qn — Z \/aqu/ <

3UKS( )

uk+qn>
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Outline

Born Oppenheimer (BO) and exact factorization

Electron-phonon matrix elements

Second quantization of the electron-phonon Hamiltonian

O O O @O

Effects on the electrons
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Perturbation Theory

A 1 y
He—ph = Z eknchan" + Z h’wa/ (a’:rluaql/ + 5) + Z Z Z gkn,k+quank+qm (aqu + a’T—qI/)
kn qv k,g n,m v

Green functions electron-phonon vertex
G, (kn, ®) G(kn, ®) / k+qm
kn .
qv
Dy(qVv,) D(q v, ®) v
................................ ® gkn,k+q m
Free/bare Interacting/dressed
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Perturbation Theory

Electrons Phonons
1 _ 2hwqy
Go(kn, w) = hw — €xen + 11 non-interacting Dolar,w) = (hw)? — (hwgy)? +in
1 2%(11/
_ : : D(qr,w) = :
G(kn, w) hw — €xn — 2 (kn, w) Interacting ( ) (Aw)? — (hwgy ) + in — 2hwgIl(qy, w)
Electron self energy Phonon self-energy
S(kn,w) = Gyt (kn,w) — G~} (kn,w) (qv,w) = Dy* (qv,w) — D™} (qv,w)

What is the effect of the self-energy (i.e. interactions) on the spectrum ?
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Effect on the electrons: spectral function

Spectral function

Im ¥(kn, w)
(hw — €xn, — Re Z(kn, w))? + (Im X (kn, w))?

Axn(w) = —Im G(kn,w) = —

In the absence of interaction, Re X (kn, w) -0
Im X(kn,w) -7

the spectral weight has simple poles at the energies ¢, _

? Az (w) =DOS Fixed k

(Lorentzian)

>

kn Energy = w
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Effect on the electrons: spectral function

Spectral function

Im ¥(kn, w)

Al = ) = G e — Re B (k) + (fm Xk, )

In the presence of interaction if Im¥(kn,w) << ReX(kn,w)
THE QUASIPARTICLE PICTURE IS PRESERVED

quasiparticle shift
? Ay, (@) = DOS Fixed k

- Im ¥ (kn,w)

K (Lorentzian)
>

Energy = w
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Effect on the electrons: spectral function

Spectral function

Im ¥(kn, w)

An(w) = —Im G(kn,w) = — (hw — exn, — ReX(kn,w))” + (Im X (kn, w))*

In the presence of interaction if Im X (kn,w) islarge
THE QUASIPARTICLE PICTURE IS BROKEN

manybody satellite(s) quasﬁ‘p’article peak

Az, () ? Fixed k

(non Lorentzian)

>
Energy = w
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Effect on the electrons: spectral function

Spectral function

Im ¥(kn, w)
(hw — exn — Re B(kn, w))? + (Im Z(kn, w))?

Axp(w) = —ImG(kn,w) = —

Angle-resolved photoemission experiments essentially measure the spectral weight
of the occupied electronic states (times a matrix element)

energy analyser E 4 Sample

UHV - Ultra High Vacuum
(p <1077 mbar)

Eg
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Quasiparticle picture ImY(kn,w) << ReX(kn,w)
We can expand around the quasiparticle peak E, _

1 0¥(kn,w)

Y (kn,w) =~ X(kn, Exp) + 7 (hw — Exn)

aw szkn/ﬁ
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Quasiparticle picture ImY(kn,w) << ReX(kn,w)
We can expand around the quasiparticle peak E, _

1 0¥(kn,w)

> (kn,w) =~ L(kn, Fi,) + = (hw — Eyy,)

aw szkn/h

Assuming also that almg(k"’w) << aReg(k"’w) we obtain:
w w

June 29, 2023 - Donostia/San Sebastian, Spain



Quasiparticle picture ImY(kn,w) << ReX(kn,w)
We can expand around the quasiparticle peak E, _

(kn,w) ~ S(kn, Biy) + % OBl ad) (Fw — Bien)

aw w:Ekn/h

Assuming also that almg(k”aw) << aReg(k"’w) we obtain:
w w

A (@) = — Im ¥(kn, Fxy,)

2
(hw — exn — ReX(kn, Byy,) — + Re2(aw) - (hw — Ekn)> + (Im E(kn, Exy))?
W=Lkn

The quasiparticles are shifted by an amount

€xkn — Bxn = exn + Re E(kn, Ekn) + )\kn(hw — Ekn)
1 OReX(kn,w)
Where Akn = 7 5 Is called the mass enhancement parameter.
w w:Ekn/h
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Quasiparticle picture ImY(kn,w) << ReX(kn,w)

The quasiparticles are shifted by an amount

ekn —> Exn =  €xn + ReX(kn, Exp) + Agn (Aw — Exp)
1 OReX(kn,w
Where Akn = > 8( ) Is called the mass enhancement parameter.
w w:Ekn/h

Taking the gradient with respect to k we get
an = Vkn — Akn‘/kn

" Bare velocity
Dressed velocity
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Quasiparticle picture ImY(kn,w) << ReX(kn,w)

The quasiparticles are shifted by an amount

ekn —> Exn =  €xn + ReX(kn, Exp) + Agn (Aw — Exp)
1 OReX(kn,w
Where Akn = > 8( ) Is called the mass enhancement parameter.
w w:Ekn/h

Taking the gradient with respect to k we get*
an = Vkn — )‘knvkn

" Bare velocity
Dressed velocity

Vkn . . . .
1+ A Velocity renormalization due to the electron-phonon coupling

an

As Akn >0 The velocity is always reduced by the electron-phonon coupling
June 29, 2023 - Donostia/San Sebastian, Spain



Quasiparticle picture ImY(kn,w) << ReX(kn,w)

_ Vkn
. - )‘kn

an

or, equivalently, a renormalized effective mass (v=p/m):

Ml:n — (1 + )‘k’n)ml*(n

MAn >0 [ The effective mass is always enhanced by the electron-phonon coupling

That is why Akn is called the mass enhancement
parameter.
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Velocity and mass renormalization

Vikn : o :
Vi =15 Velocity renormalization due to the electron-phonon coupling
Myen = (14 Xen )i, Mass renormalization due to the electron-phonon coupling
|
>
£
5 E
&
A}
Phonon frequency

Momentum

The red line has an enhanced mass with respect to the black one.
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Velocity and mass renormalization — Experiments (K-covered Graphene)

Momentum
As grown Increased doping by K deposition —»

3.7x10"3

A(k,w)

Binding Energy ho, eV

3.9x10"3

-0.1 0.0 0.1 0.2

Momentum, A-!

A. Bostwick et al.Nature Physics (2007) June 29, 2023 - Donostia/San Sebastian, Spain



Velocity and mass renormalization — Experiments (MgB.)

Energy
m

F \'4 kn
Q___ _________________
an
|
kF
Momentum -
IIIIIIIIIIIIIIIIII
01 O?
0.00
$.0.05
2
>
o2
o -0.10
C
L

-0.15

0280 01 o2 03
Momentum (A )
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Quasiparticle picture ImY(kn,w) << ReX(kn,w)
We can expand around the quasiparticle peak E, _

lerss ) e S, B e OBl ad) (Fw — Bien)
h aw w:Ekn/h

Assuming also that almg(k"’w) << aReg(k"’w) we obtain:
w w

Im ¥(kn, Fx,)

Agn(w) = —

2
(hw — e — ReX(kn, By,) — L 2ReSlkn.w) _ (hw — Ekn)> + (Im = (kn, Exn))?
W=Likn

We finally note that the width of the Lorentzianis Ty, = —ImX(kn,w)

The electron scattering time for an electron of momentum k in the n' band is

Fkfn _ h
2 2Tkn

June 29, 2023 - Donostia/San Sebastian, Spain



Electron self-energy

The lowest energy diagram is

-----
- ~ o
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Electron self-energy

The lowest energy diagram is

-----
- ~ o

Leading to:
1 2 Ny + f k+qm Ngy + L= k+qm
Y(k = — 4
(kn,w) Nq qzm ; ‘gkn,k+Qm| [ﬁw e hwqu — €xrqm + 1 + fiw — hwq,, P ——
with:
_ 1 1
Nqv = exp(Bhwqr)—1 fxn = exp(B(exn—p))+1

June 29, 2023 - Donostia/San Sebastian, Spain



Real part of the electron self-energy

The real part is Principal value

_—

Nqv + 1- fk+qm

1 2 Ngu + fk-l-qm
ReX(kn,w) = qu Z Z ‘gl’:n,k+qm| lhw + Awqy — €xtqm
qn v

hw — hwqy — €xtqm
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Real part of the electron self-energy

The real part is Principal value

_—

ReX(kn,w) = —P K . . Fr— :
) = PSS labnscranl [ o e

qn v

The quasiparticles are:

Fxn = €xn + ReX(kn,w = Ey, /h)

June 29, 2023 - Donostia/San Sebastian, Spain



Imaginary part of the electron self-energy

The imaginary part is

T y 2
ImZ(kn, w) = _Fq Z Z |gkn,k+qm’ [(nQV + fk+qm) 5(hw + hwqy - 6k—i—qm)

am v

+ (nqv + 1 = frrqm) 6(Aw — hwqy — €xrqm)]

Note the similarity of this expression with the Fermi golden rule.
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Imaginary part of the electron self-energy

The imaginary part is

Im¥(kn,w) = —— Z Z |gkn,k+qm’ (nqv + fxtqm) 0(Aw + hwgy — €xtqm)

am v

+ (nqv + 1= fitqm) 0(hw — hwgy — €xtqm)]

Note the similarity of this expression with the Fermi golden rule.

At low temperature the Bose functions can be neglected and

—Im X(kn, w) ZZ ‘gkn k+qm| it am0(w + Twgy = €kcrgm) + (1 = ferqm) 0w — iwgy — €cpqm) o¢ =

T qm v
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Eliashberg function

The imaginary part is

T y 2
ImZ(kn, w) = _Fq Z Z |gkn,k+qm’ [(nQV + fk+qm) 5(770.) + hwqy - 6k—i—qm)

am v

+ (Mg + 1 = fitam) 0(hw — Awgy — €xtqm)]
It is customary to rewrite it in terms of the Eliashberg functions

1 5 9
QQFE(M’ Q) - ﬁ Z 5(hQ o hwa/) Z }gkn,k+qm| 5(hw — €k+qm == hwqu)
1 qu m
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Eliashberg function

The imaginary part is

T y 2
ImZ(kn, w) = _Fq Z Z |gkn,k+qm’ [(nQV + fk+qm) 5(hw + hwqy - 6k—i—qm)

am v

+ (ngv + 1 = fitqm) 0(lw — Awgy — €xtqm)]
It is customary to rewrite it in terms of the Eliashberg functions

1 5 9
(121'7%1(&), Q) - ﬁ Z 5(hQ o hqu) Z \gkn,k—i-qmi 5(hw — €k+qm == hwqu)
1 qu m

Substituting it in the self-energy we can write the
textbook expression.

Im¥(kn,w) = -—7h /000 dQ [*Ff (w, Q) (n(Q) + f(w + Q) + 2 F (w, Q) (n(Q) + (R — w))]
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Eliashberg function (approximation)

2F§El(w Z (St — hwqy) Z |9kn k+qm| 6(hw — ext+qm £ Awgy)

The energy of electronic states is of the order of the eV.

The phonon frequencies are of the order of 0-0.15 eV.
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Eliashberg function (approximation)

2F13;,(w Z 6(hQ hw(l”) Z |gkn k+qm| 6(7‘1&) — €k+qm %

The energy of electronic states is of the order of the eV.
The phonon frequencies are of the order of 0-0.15 eV.

We can approximate the Eliashberg function as:

2Fkn(w Z (RS2 — hwa/) Z |gkn k+qm| 6 (hw — €k+qm)

a? Fi, (w, Q) = a2Fl:rn(w, Q) = o*F_ (w, Q)

June 29, 2023 - Donostia/San Sebastian, Spain



Eliashberg function (approximation)

1 - 2
a2F§;(w, Q) = Fq Z d(RQ — hwqy) Z |gkn’k+qm| O(Aw — €xt+qm %
qu m

The energy of electronic states is of the order of the eV.
The phonon frequencies are of the order of 0-0.15 eV.

We can approximate the Eliashberg function as:

2Fkn(w Q Z 5(h9 hwa/) Z |gkn k+qm| 5(hw - Gk-{-qm)

a? Fi, (w, Q) = a2F12Ln(w, Q) = o*F_ (w, Q)

To obtain:

ImS(kn,w) = —h /0 " 9 [0 Fien(w,9) (20(Q) + f(w + ) + (2 — w))]
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Eliashberg function - zero temperature

ImS(kn,w) = —rh /0 " 49 [02 Fin (0, 9) (2n(9) + f(w + Q) + £(2 — )]

At T=0 we have

n(Q) = 0 flw)=1-0(w)
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Eliashberg function - zero temperature

ImS(kn,w) = —rh /0 " 49 [02 Fin (0, 9) (2n(9) + f(w + Q) + £(2 — )]

At T=0 we have

n(Q) = 0 flw)=1-0(w)

So that

Im¥(kn,w) = -—7h /_(: dQ [0® Fip(w, Q) (2 — 0(w + Q) — 6(Q — w))]

This expression is zero if

/Q< |w| \

Phonon frequency Energy
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Imaginary part of the electron self-energy at zero temperature

ImS(kn,w) = —h / " 40 [0 Fan (1, Q) (2 — 0(w + Q) — (2 — )]
-0
N -ImZ (K)"'J !
QL WL e
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Finite temperature behaviour of the electronic linewidth

I'kn, = —ImX(kn,w = Ey,)

o /0 " 49 [0 Fin (Bien, @) (20(2) + F(R + Bien) + F(2 — Eien))]
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Finite temperature behaviour of the electronic linewidth

I, = —ImX(kn,w = Exy,)
= /O a0 (& Fin(Bxn, ) (20(Q) + (2 + Exn) + (2 — Exn))]

Expanding at low T with the condition k8T > A2 but negligible for the electronic energy

scale (Fermi functions replaced by step functions):

00 oo 2
~ 2w / dQ & Fyn(Exn, Q) + 2nkpT / a Fk”}é‘g“"’ﬂ) dQ
0 0

d2

0
— 27'('/ anszn(Eka) + kBT Akn © 2F (B, Q
0 Ain = 2 /O e kniggk"’ )

The electron linewidth should increase linearly with temperature.
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Electron-coupling function

The quantity

& Otsz (Ek Q)
— 2 n ny Q
Akn /0 50 d

is named the electron-phonon coupling function.

It is labeled exactly as the mass enhancement parameter:

N — 1 OReX(kn,w)
kn = p ow

w=FEy,/h
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Electron-linewidth finite temperature behaviour - Experiments

photoemission intensity (arb. u.)

I‘kn

—Im ¥ (kn,w = Ey,)

5ML

Pb/Si(111)

-600

-400

-2
E-E¢ (meV)

00

= 271'/ anszn(Ekn,Q)-FﬂkBT)\kn
0

018 5 ML Pb/Si(111)

0.16 -
0.14F / H
"
e cooling )
(075 (0] - R S (NS S S T Y
0 50 100 150

Temperature (K)

Ligges et al. J. Phys. Cond. Mat. (2014)
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Outline

Born Oppenheimer (BO) and exact factorization

Electron-phonon matrix elements
Second quantization of the electron-phonon Hamiltonian

Effects on the electrons

O O o o &4

Effects on the phonons
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Interacting phonon Green function

_______ D(qv,w) Phonon interacting Green Function

The lowest order correction (Dyson equation) is the bubble diagram

G,(k+q, w+w’)

_______ - == + —_—— — +
D,(qv,w) D,(qv,w)

G,(k,w’)

The interacting Green function is written as:

Mty
(hw)? — (hwqy)? + i1 — 2hwq 11(qr, w)

D(qu,w) =

June 29, 2023 - Donostia/San Sebastian, Spain



Phonon self-energy at lowest order

o) -

Jin = /i
N ZZ|gknk+qm| €1t m_eknlii_c}liz_in

k nm

We note that this is non zero only if Jxn — fxtqm # 0

meaning €kn occupied and €fk+am  empty or vice versa.
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Phonon self-energy at lowest order

o) -

Jin = /i
N ZZ|gknk+qm| €1t m_eknlii_c}liz_,&-n

k nm

We note that this is non zero only if Jxn — fxtqm # 0

meaning €kn occupied and €fk+am  empty or vice versa.

fkn—fk—i-qm
Rell(qr,w) = ——7’
T X3 bosianl i o
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Phonon self-energy at lowest order

o) -

Jin — Jx
N ZZ|gknk+qm| €1t m_eknj%:';_in

k nm

We note that this is non zero only if Jxn — fxtqm # 0

meaning €kn occupied and €fk+am  empty or vice versa.

fkn - fk-l-qm
Rell ) = _—P n m
ell(qu,w) ; % ‘gk Jk+q ‘ hw + €xn — €k tqm
ImII(qr,w) = N Z Z \gkn k+qm| (fun — fk+qm) 5(€k+qm — €xn — hw)
k nm
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Phonon quasiparticle energies

The quasiparticle energies are obtained from the poles of the Green function

2wy

D(qv,w) = (hw)? — (hwgy)? + in — 2hwq, I1(qu, w)

Assuming a small imaginary part of the self-energy:
(thV)2 = (hqu)z — 2hwqy Rell(qu, Qqv)

with

1 2 Jfxn — fxtqm
Rell(qr,w) = —qu Z Z iglzn,kﬂ—qml Aw + €xn — €xtqm
k nm
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Phonon quasiparticle energies (insulators)

In an insulator (large gap), we have /A = electronic gap
Iekn — ek+q| > A ~ leV
_____________ A____________ €F
Mq  ~0—150meV K A
fkn =1
We have
Rell(aryw) = —-P 33 |dhnserqn|’ ot etam ~ g2/A
- Nq k n,m e hw + €xn — Eitqm

Qg

The fraction is dominated by the gap at the denominator and this term is small.
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Phonon quasiparticle energies (metals)

In metals, we have

|€kn - €k+qm| as small as we like fxn =0 \ /
thu i'_\_ """""""" )/' """ 6 F
.fkn =1
We have
1 2 fkn - fk+qm
Rell(qv,w) = ——P b k-tam
(q ) Nq Z Z ‘gk kta ‘ hw + €kn — €k+qm

k nm
The real part of the self energy is dominated by the poles, namely
hw = €k+qgm — €kn
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Phonon quasiparticle energies in the adiabatic approximation

The adiabatic approximation consists in replacing
(Mqu)? = (hwqw)? — 2hwqy ReTl(qu, Qqy)
with

(hQqw)? = (hwgy)? — 2hwq, ReTl(qy, 0)

It is a very accurate approximation in most cases.
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Phonon quasiparticle energies in the adiabatic approximation
Thus we have

(thV)2 = (thV)z — 2hwqy ReIl(qv, qy)

with

1 2 fkn - fk+qm
Rell(qu,x) = —-— k
e (qV X) NqP ; ; }gkn,k+qm| b‘) + €kn — €kiqm

The real part is dominated by the nesting condition

€k+qgqm — €kn
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Phonon quasiparticle energies in the adiabatic approximation
Thus we have

(thy)z = (thV)2 — 2hwqy ReIl(qv, qy)

with

1 2 fkn - fk‘l‘qm
Rell = —— k
e (qV7X) NqP ; ; }gkn,k-i-qml w + €xn — €k+qm

It can also be shown that due to causality

Rell(q,0) >0

The electron-phonon coupling always softens the bare phonon frequencies!
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Example

fkn—O \ /
One parabolic band. B N S er
fkn= \/
One phonon mode.
Constant electron-phonon matrix elements: |9112n,k+opn|2 =g’

We have: Rell(q,0) = —92XO(Q)

Lindhardt function (electron-gas)
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Example

One parabolic band.

One phonon mode.

Constant electron-phonon matrix elements:

|gﬁn,k+qm|2 — 92

We have: Rell(q,0) = —92XO(Q)

The self-energy diverges
At 2k_in D=1

—xo(q)

Lindhardt function (electron-gas)
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Example

fkn—O \ /
One parabolic band. B N S er
fkn: \/
One phonon mode.
Constant electron-phonon matrix elements: |9112n,k+om|2 =g’

We have: Rell(q,0) = —92XO(Q)

Lindhardt function (electron-gas)

The self-energy diverges
At 2k_in Q=1 Temperature dependence

—xo(q)

!
1.8 1.9 2 2.1 22
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Example

fkn—O \ /
One parabolic band. B N S er
fkn: \/
One phonon mode.
Constant electron-phonon matrix elements: |9112n,k+om|2 =g’

We have: Rell(q,0) = —92XO(Q)

Lindhardt function (electron-gas)

The self-energy diverges

At 2k_in D=1
L2k in D=1 ) Temperature dependence
| I8 1D 5 5T 555

= 2AK“=0'0S
Q s 1=100K
o = I=10K

1 o )=0J

ki — [qET] 2h2rGI |

- Rell(q,0)
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Example

fkn—O \ /
One parabolic band. B N S er
fkn: \/
One phonon mode.
Constant electron-phonon matrix elements: |9112n,k+om|2 =g’

We have: Rell(q,0) = —92XO(Q)

Lindhardt function (electron-gas)

The self-energy diverges D=1
At 2k _in D=1 Qqv
F S'Ik d '8 13 g 5T 335 T
N | | f Kohn-Anomaly
1
I ]
6: l \ /
3 ll = i 9KKE=0"0S -
B | : ot
Of | ol e | T going to zero
f , S RE—— CDW
' iQaqy)? = (hwgy)? — 2hwgy, ReI(qu, 0
4 : (7€lav) (e ) = (@,0) June 29, 2023 - Donostia/San Sebastian, Spain



Exercise:

ReIl(q,0)

DFT Phonon frequencies already

include this effect
(with non constant g and non parabolic bands) !

T

— JTCTT \—II\—lby lllll b\.—J

D=1
At 2k_in D=1 Qqu
Skt d , d
el Kohn-Anomaly
T going to zero
| 2 EE— CDW
(7iqv)? = (hwqy)® — 2hwq, ReTl(qv, 0) q
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ZrTe, 1D metal, CDW seen in IXS

Qqu energy (meV)

-3.88 -3.92 -3.96 -4.00
along gcpyy (@* component)

Hoesch, et al. Phys. Rev. Lett. 102, 086402
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What happens in 2D, 3D metals ?

The real part is dominated by the condition (nesting condition)

€k+qm — €kn

We expect contributions in phonon spectra at the vector g mapping
one portion (not just a point) of the Fermi surface in another one.

Fermi surface
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What happens in 2D, 3D metals ?

The real part is dominated by the condition (nesting condition)

€k+qm — €kn

We expect contributions in phonon spectra at the vector g mapping
one portion (not just a point) of the Fermi surface in another one.

(< Fermi surface

\ is the nesting vector: we expect softening at the nesting vector!
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IMAGE OF THE FERMI SURFACE IN THE VIBRATION SPECTRUM OF A METAL*

W. Kohn

Department of Physics, Carnegie Institute of Technology, Pittsburgh, Pennsylvania

The lattice vibrations of the ions in a metal are
partly screened by the conduction electrons. We
shall see that this screening changes rather rap-
idly on certain surfaces in the space of phonon
G-vectors and that therefore on these surfaces
the frequencies w vary abruptly with §. The cal-
culations we have done give the result that w(q)
is a continuous function of § but that on the sur-
faces in question

Igradﬁw(ﬁ)l =w. )

The location of these surfaces is entirely deter-
mined by the shape of the electronic Fermi sur-
face, using a simple geometrical construction.

To explain the physical origin of this effect let
us first describe the conduction electrons by a
free electron gas, with Fermi wave number kp.
One then finds that an embedded charge distribu-
tion,

Pext® =poe’F, @
induces an electronic charge density
pe1® = -Flahpoe™@T, ®

where

;%”; 4)
R 3

1 kp q‘)
o= [t ()

(Received April 6, 1959)

here a, is the Bohr radius. Note that near ¢=2k 7
>

1 1
F(q)=§7747; (1+§k—l;(q~zkp)1nrq-2kpb,(5)
and
aFlg) 1 ok
a1 T Inlg-2kpl=-w. (6)

The last equation shows an abrupt decrease of the
ability of the electrons to screen the embedded
charge distribution as soon as g exceeds 2% o
This is due to the fact that as long as g<2k,
Pext(;) causes virtual excitations of some elec-
trons with conservation of energy while when
q>2k i such excitations are no longer possible
(see Fig. 1). Now a lattice vibration of wave vec-

FIG. 1. Virtual excitations for g<2kp and ¢> 2kp.

VoLums 2, NUMBER 9

PHYSICAL REVIEW LETTERS May 1, 1959

tor q produces a change of ionic charge density
of the form

Pion® = T, Ay expli@+K,) 7], (U]
where K, are the reciprocal lattice vectors.
Therefore we expect an abrupt change of the re-
storing force whenever { is such that, for some
reciprocal lattice vector K,

13+K, I =2kp. ®)
On the surfaces in q-space defined by (8), one
finds the singularity (1) as a consequence of (6).
Next we consider noninteracting Bloch electrons

with a Fermi surface given by

ER®)=¢. ©)

Again one finds singularities of gradw, whose
locus is determined by the following construction
(Fig. 2): Let II, and II, be two parallel planes in
K-space touching the Fermi surface at k; and K,.
Then there exists exactly one reciprocal lattice
vector K,, such that the vector §, defined by

q-K-K+K,, 10)
lies in the fundamental Brillouin zone. At this
point §, Eq. (1) holds. The totality of pairs of
planes II, and II, generate the required locus of
singularities of the vibration spectrum by means

of Eq. (10).
Finally the question arises how the Coulomb in-
teraction between the affects

FIG. 2. Construction for the case of Bloch elec-
trons.

do not affect the nature of the singularities, but
only their magnitude. It therefore appears un-
likely that the Coulomb interactions can obliter-
ate the effect we have discussed, which basically
reflects the sharpness of the Fermi surface.

The magnitude of the effect may be quite large
(very roughly of the order of percent), and its
observation in lattice vibration spectra would
give rather direct information about the shape of
the Fermi surface.

Similar “images” of the Fermi surface may be
expected in spin wave spectra, when the interac-
tion between localized spins is brought about by

with

our conclusions. We have partly allowed for this
interaction by regarding it as a perturbation and
summing certain important terms in the result-

ing perturbation expansion of w(q). These terms

A detailed report is in preparation.

* Supported in part by the Office of Naval Research.

The Kohn-effect (Kohn-anomaly) — slightly more than 1 page.
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Phonon dispersion in simple 3D metals
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June 29, 2023 - Donostia/San Sebastian, Spain



Kohn anomaly in MgB,

100
r r
90 r M
80
% 70
g/ 60 A M
>
&0 50
8 =
G
30 i I'-
20

— - Linear Response
-— Wannier (N,=30 * 6=0.02 Ryd)
—  Wamnier(N,=65"x486=0.01 Ryd)

K M

Kortus et al. PRL 86, 4656 (2001)

Strong but irregular nesting along I'Ain warped cylinders formed by o-bands results

in softening of the full E, branch. . 3 _
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Kohn anomaly in MgB,

/ — = Linear Response !
+— Wannier (N,=30" 6=0.02 Ryd)
—  Wamnier(N,=65°5486=0.01 Ryd)

K M

Nesting between cylinders

M. Calandra et al. PRB 82, 165111 (2010)
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Dynamical effects (non-adiabatic)

1 " 2 fkn - fk-l—qm
Re H(qI/,X) = —qu Z Z |gkn,k+qm| m—i_ €kn — €k+q
k mm n m

June 29, 2023 - Donostia/San Sebastian, Spain



Dynamical effects (non-adiabatic)

200

190

Energy (meV)

160

150,

1
Re H(ql/, CU) = —FP
q

fkn - fk+qm

Z Z |gllin,k+qm | ?

|

— NON ADIABATIC
— - ADIABATIC

[0 Carbon systems (and generally
super-hard materials) are very peculiar in
this respect as they have high energy
phonon modes Qqu ~0.2 eV

DYNAMICAL (NON ADIABATIC) EFFECTS
ARE IMPORTANT !
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Imaginary part and phonon linewidth

ImH(anw) = qu Z Z |gllén,k-|-qm|2 (fkn - fk—l—qm) 6(6k+qm — €kn — hCU)

k nm

This is what you would obtain applying the Fermi Golden rule for a phonon
scattering with electrons.

The phonon linewidth is the inverse of the phonon scattering time and it can be measured
in neutron scattering or in inelastic X-ray scattering.
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Imaginary part and phonon linewidth

ImH(ql/,w) = qu Z Z |gllén,k-|-qm|2 (fkn - fk—l—qm) 5(6k+qm — €kn — h(.d)

k nm

Key points:

e Imaginary part is positive definite.
° Asininsulators Aiw < A(gap) the imaginary part is zero.

* In metals the phonon linewidth is dominated by Fermi-surface effects

* The phonon linewidth (inverse of phonon lifetime) is:

@y v 2 f(gkn)_f(8k+qm)
qv z@;\]— Z ’

kn. k+qm
k k.nm a)qv

6(8k+qm - gkn - wqu)

4

2 for spin and 2 for Full width half maximum
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Allen formula (metals) P.B. Allen, PRB 6, 2577 (1972)

Araw,,

o 2 S Ew) = S Erign)
Z gkn,k+qm’

Nk k.n,m wqu

yqv = 5 (8k+qm o 8kn o wqu)

If temperature dependence is weak:

f(gk-i-qm)_f(gkn) N i no T dep.

—lE s 5(g,,)
10) o€

qu £=¢€y,
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Allen formula (metals) P.B. Allen, PRB6,2577 (1972)

4ﬂa)qu Z gu ’2 f(gkn)_f(gk+qm)
Nk o~ kn.k+qm ©

qu

yqv = 6 (8k+qm o 8kn o wqu)

If temperature dependence is weak:

fnw) =S O

no T dep. s 5(8kn)
a)qu 88 £=€y,
We have
4rw,, ! 2
o =y 2fBhansan] O3 Enign =0 = ,)
k J.m
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Allen formula (metals) P.B. Allen, PRB 6, 2577 (1972)

4rw,,

Y = Tkkz|g§n,k+qm|25<ekn>6<ek+qm ~&,,-0,,)

Neglecting the phonon frequency in the double delta (not always justified)

4 7oqv
Vav :—75\2{] Z

k.nm

o] (1) S Ecrgm)

Remember: electron energies measured
from the Fermi Level

We have

Ay = —12
ar 27TN(€F>CU§W

Electron-phonon coupling
DOS per spin at the Fermi level

When anharmonicity is negligible, the phonon linewidth measures the electron-phonon coupling
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MgB, Measure of the electron-phonon coupling

Problem: Origin of the =20 meV linewidth of the E2g modes:
Anharmonicity or strong electron-phonon coupling ?

§ experiment | g=0.6 T-A | [
Impossible to distinguish : ﬂ %
. 2| f ﬂ{f}gﬁiﬂ

the two contributions ! £ I { ;
' { i ﬁ;ﬁiﬁ%ﬁgﬂ
E : IEE I |
3 EB?I.%? %‘h“‘@’l‘%&m
2 E)XCHANGEZS EN ERGYS?meV] " 190
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MgB, Measure of the electron-phonon coupling

Problem: Origin of the =20 meV linewidth of the E2g modes:
Anharmonicity or strong electron-phonon coupling ?

. ' ' E
— Theoretical calculation | q=0.6 T-A ™

(including only the electron-phonon = f

contribution to the linewidth)

'

Good agreement with experiments
-> Weak anharmonicity.

transverse
acoustic

INTENSITY

- anti-Stokes

—2.5 0 25 50 7l5 100
EXCHANGED ENERGY [meV]

Linewidth = measure of the electron-phonon coupling

A. Shukla, et al. PRL 90, 095506 (2003)
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Outline

Born Oppenheimer (BO) and exact factorization

Electron-phonon matrix elements
Second quantization of the electron-phonon Hamiltonian
Effects on the electrons

Effects on the phonons

O O O o O O3

Electron-phonon driven superconductivity
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The superconducting phase

Resistance

T>T, T<T,

TC

Temperature

magnetic field H

B
AAAAAAA

T>Tc T<T¢
T>T, T<T
4
TC
Temperature

Superconducting
ring

non-superconducting
region

macroscopic quantum effects
e magnetic flux quantization
e Josephson effect

June 29, 2023 - Donostia/San Sebastian, Spain



BCS theory
HBCS= HO * Hred
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BCS theor
Y % ' 2 ekc/to'ckaa

LEQIC® ke

-2 Vk’k(CIk'1CI'T)(CkIC—kl)~-
q = k'-k kk'

X
g
!
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BCS theor
Y y ' z chlto'ckaa

LEQIC® ke

K’ K Hred = — 2 Vk’k(CIk'lcz'T)(cktc—kl)~-
q=k'-k hx;

k -k Apk = Z/

m

tanh ( mk—{—q)V'nk.'mk—#quIth
(

QBA 2ABT 2E’mk%—q

En.k — \/(6711( = fl*’)2 o lAnk|2
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BCS theor
Y 7 ' Z ekc/tdckaa

LI ke

™~
- \f
W W Hed = — X Vk'k(Cik 1Ckt N CrCtar)-.
o = Kk Kk’
(]q : Evnk—}-q Vnk.mk-{-quk+q
- Apk = a |
k k k ;/QBZ tlnh( QkBT ) 2Em,k+q
Epnx = \/(fnk - 61’)2 = |A7lk|2
Energy A(T)
™
|:| ™,

A(T =0)=1764kgTs| Tc T
AT — T.) ~ 3.06 kT, \/1 — (/1)

DOS
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Migdal-Eliashberg (isotropic) Gk, 7) = —(T,¥(7)¥}(0))

_ _((T,cm(r)c%(o» (T crlT)e-1(0)) )
(T (T)0))  (Toctir)eia(0))

Nambu notation
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Migdal-Eliashberg (isotropic) Gk, 7) = —(T,¥(7)¥}(0))

_ _((T,cm(r)c%(o» (T crlT)e-1(0)) )
(T (T)0))  (Toctir)eia(0))

Z(iwn =1 +

An —n' :
6wn Z \/w + AQ an) (n th )’ Nambu notation

A(iwy,)

Zun)Alien) = 3~ s il — ) — 4]

where

2Q 0’ F(Q)
Wp — wn,/)2 + Q2

An—w) = [ a0
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Migdal-Eliashberg (isotropic) Gk, 7) = —(T,¥(7)¥}(0))

_ _((T,cm(r)c%(o» (T crlT)e-1(0)) )
< TTC1kl(T)CI1;T(0)> < T-,C'T.kl(‘r)c_.k1(0)>

Z(iwn =1 +

An —n' :
Bw, Z \/w £ AQ an) (n t )’ Nambu notation

A(iwy,)

Zun)Alien) = 3~ s il — ) — 4]

where
> 2Q 0’ F(Q)
Mn —n') = A0
(n n) /o (wn _ wn,)2 + 02
A(T)

) \
./
R o

c
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Migdal-Eliashberg (isotropic)

Gk, 7) = —(T, ¥ (7)¥}0))

)

_ _((TTCkT(T )c£1(0)> <Tkar(T )C-k1(0)>
<TTCIk1(T )Cltr(o)> <T101k1(7)c—-k1(0)>
Z(an =1+ 5wn Z \/w T AQ an,) )\(n —n )a Nambu notation
W)
Z (twy) A (twy,) AMn—n') —u*
( ZW+MWH ) =]
where
> 2Q 0’ F(Q)
—n) = df)
A(n —n') /o (@, — ) + S
. . A(T)
Allen-Dynes-modified McMillan formula Ay
o G ( —1.04(1 + \) ) \
°T 12 PA\N T (1 + 0.620) X
The superconducting critical temperature is well approximated by the P

Allen-Dynes formula for moderate A values in most systems.

c

Phys. Rev. B 12, 905 (1975)
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Take-home message

® Electron-phonon coupling is involved in many quantities of interest.

It affects both electronic and phononic spectral functions.

® |tis the driving mechanism of conventional superconductivity.

e Itis relevant for many technological applications.
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