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Electron-phonon interaction characterizes the interaction between electrons and the motion of 
nuclei. 

What is electron-phonon interaction ?

How is el-ph. interaction relevant? What quantities does it affect?
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First example: the intrinsic resistivity of metals 
 

See O. Gunnarsson, M. Calandra, and J. E. Han
Rev. Mod. Phys. 75, 1085 (2003)

mostly due to the electron-phonon interaction for k
B
T ≳ ℏ𝜔
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First example: the intrinsic resistivity of metals 
 

See O. Gunnarsson, M. Calandra, and J. E. Han
Rev. Mod. Phys. 75, 1085 (2003)

Temperature region where the 
el-el scattering is relevant

mostly due to the electron-phonon interaction for k
B
T ≳ ℏ𝜔
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Temperature region where the 
el-el scattering is relevant

Temperature range where the 
el-ph scattering is dominant!

First example: the intrinsic resistivity of metals 
 

See O. Gunnarsson, M. Calandra, and J. E. Han
Rev. Mod. Phys. 75, 1085 (2003)

mostly due to the electron-phonon interaction for k
B
T ≳ ℏ𝜔
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Second example: electron-phonon mediated superconductivity

Conventional superconductivity is due to the electron-phonon interaction

Deuterium

Hydrogen

T c(K
)
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Third example: temperature dependence of band gaps in semiconductors

Electron-phonon 
interaction

M. Cardona, S. Gopalan, Progress in Electron Properties of Solids pp 51-64
P.B. Allen and M. Cardona Phys. Rev. B 27 4760 (1983)
G. Antonius, et al., Phys. Rev. Lett. 112, 215501 (2014).
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Energy conservation: Momentum conservation

We measure                          to obtain         , 

E
B 

= Binding Energy
 

ℏ ℏ

ℏ

Final state (extracted electron)

p
f
=

ℏ

Initial state (incident photon)

E
B

     Fourth example: angle-resolved photoemission spectroscopy (ARPES)
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ARPES: kinks in electronic structure due to the electron-phonon interaction

Mou et al. Phys. Rev. B 91, 140502(R) 

 

DFT bands
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Inelastic X-ray scattering to measure phonons
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Fifth example: inelastic X-ray scattering spectra
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Energy of the phonon line :

Harmonic phonon frequency

Anharmonic shift

Fifth example: inelastic X-ray scattering spectra
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Energy of the phonon line :

Harmonic phonon frequency

Intensity of the phonon line :

Phonon eigenvectors

Anharmonic shift

Fifth example: inelastic X-ray scattering spectra
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Energy of the phonon line :

Harmonic phonon frequency

Intensity of the phonon line :

Phonon eigenvectors

Phonon linewidth :

Decay of a phonon in an electron-hole pair
due to the electron-phonon coupling

Anharmonicity: decay of a phonon in two 
phonons conserving energy and momentum

phonon

electron

hole

phonon

phonon

phonon

+

Anharmonic shift

Fifth example: inelastic X-ray scattering spectra
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Hoesch, et al. Phys. Rev. Lett. 102, 086402 (2009)

Sixth example: ZrTe
3
 1D metal, charge-density wave phase seen in IXS
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Seventh example: electron-phonon mediated optical absorption

Silicon captures photons above 1.1 eV
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Electron-phonon mediated optical absorption

Fermi golden rule @ first order

No absorption below the gap
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Electron-phonon mediated optical absorption

Fermi golden rule @ second order

Absorption below gap possible via electron-phonon scattering
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Outline

🡺 Born Oppenheimer (BO) and exact factorization

🡺

Electron-phonon driven superconductivity

🡺 Electron-phonon matrix elements

🡺 Second quantization of the electron-phonon Hamiltonian

🡺 Effects on the electrons

🡺

Effects on the phonons
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🡺 Born Oppenheimer (BO) and exact factorization

🡺

Electron-phonon driven superconductivity

🡺 Electron-phonon matrix elements

🡺 Second quantization of the electron-phonon Hamiltonian

🡺 Effects on the electrons

🡺

Effects on the phonons

Outline
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Cystalline systems: notation

direct lattice vectors.

The coordinate of each atom is identified by 

Cell 
index

Atom in the
cell
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Crystal Hamiltonian
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Crystal Hamiltonian

Purely Ionic part 

atomic number
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Crystal Hamiltonian

Electronic partPurely Ionic part 

atomic number r
i
 electronic coordinate
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« Bare » electron-ion interaction

atomic number

Electronic part

r
i
 electronic coordinate

Purely Ionic part 

Crystal Hamiltonian
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Electronic Hamiltonian

Crystal Hamiltonian
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Exact factorization 

The exact solution of this equation is written as

where for any t and any fixed ionic configuration R

Hunter, J. Quantum Chem., 9: 237-242 (1975)
Abedi et al. Phys. Rev. Lett. 105 123002 (2010)

1.

2.
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We can apply the Hamiltonian to the product of the functions:

Recasting the problem in terms of the ionic eigenvector
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We can apply the Hamiltonian to the product of the functions:

This leads to:

Recasting the problem in terms of the ionic eigenvector
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We can apply the Hamiltonian to the product of the functions:

This leads to:

This leads to:

Recasting the problem in terms of the ionic eigenvector
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We can apply the Hamiltonian to the product of the functions:

This leads to:

This leads to:

So that:

with:
EXACT EQUATION

Recasting the problem in terms of the ionic eigenvector
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Born-Oppenheimer approximation
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Born-Oppenheimer approximation
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● Electron and ions completely decoupled; no terms left coupling electrons and phonons.

● Eigenfunctions of the electronic problem

● Eigenfunctions of the ionic problem (harmonic)

We now want to treat the neglected terms in perturbation theory.

Born-Oppenheimer approximation
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Outline

🡺 Born Oppenheimer (BO) and exact factorization

🡺

Electron-phonon driven superconductivity

🡺 Electron-phonon matrix elements

🡺 Second quantization of the electron-phonon Hamiltonian

🡺 Effects on the electrons

🡺

Effects on the phonons
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Neglected terms in the BO
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Expansion around equilibrium position

Equilibrium position  R
0

We expand as:

Perturbation theory with



June 29, 2023 - Donostia/San Sebastián, Spain

Equilibrium position  R
0

We expand as:

Perturbation theory with

Then we have to replace in 

Expansion around equilibrium position
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Expansion around equilibrium position: Linear order in R-R
0
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Expansion around equilibrium position: Linear order in R-R
0
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Expansion around equilibrium position: Linear order in R-R
0
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The terms are 

P.S. At second order they are non-zero (nonlinear electron-phonon coupling).

Expansion around equilibrium position: Linear order in R-R
0
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We rearrange these terms to obtain the linear electron-phonon coupling.

 

Expansion around equilibrium position: Linear order in R-R
0
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Linear electron-phonon coupling
We note that:

meaning

We impose that the scattering among electrons and phonons conserves energy:
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We note that:

meaning

So that

becomes

Linear electron-phonon coupling



June 29, 2023 - Donostia/San Sebastián, Spain

(Harmonic approx.)

Deformation Potential 
           (real space)

Linear electron-phonon coupling



June 29, 2023 - Donostia/San Sebastián, Spain

We have

Linear electron-phonon coupling

Using
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Outline

🡺 Born Oppenheimer (BO) and exact factorization

🡺

Electron-phonon driven superconductivity

🡺 Electron-phonon matrix elements

🡺 Second quantization of the electron-phonon Hamiltonian

🡺 Effects on the electrons

🡺

Effects on the phonons
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Second quantization 

Consider

One body operators are written in second quantization as:

where is any chosen single particle basis. 

For a crystal we choose
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If we define the screened Kohn-Sham potential as

and perform a monochromatic perturbation 

We have

Defining the electron-phonon matrix element as

Second quantization
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Hamiltonian in second quantization (Frölich)
We obtain the electron-phonon Hamiltonian in second quantization:

with

and
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Outline

🡺 Born Oppenheimer (BO) and exact factorization

🡺

Electron-phonon driven superconductivity

🡺 Electron-phonon matrix elements

🡺 Second quantization of the electron-phonon Hamiltonian

🡺 Effects on the electrons

🡺

Effects on the phonons
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Perturbation Theory

Free/bare Interacting/dressed

                     Green functions                                                 electron-phonon vertex
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Electron self energy

Electrons Phonons

Phonon self-energy

What is the effect of the self-energy (i.e. interactions) on the spectrum ?

non-interacting

interacting

Perturbation Theory
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Effect on the electrons: spectral function

Spectral function

 

 

 

 

 

≈ DOS

In the absence of interaction,

the spectral weight has simple poles at the energies 𝜀
kn

Fixed k

(Lorentzian)

𝜀
kn
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In the presence of interaction if  

 

Fixed k

 
(Lorentzian)

<<

-

 ≈ DOS

quasiparticle shift

𝜀
kn

THE QUASIPARTICLE PICTURE IS PRESERVED

Effect on the electrons: spectral function

Spectral function
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is large

quasiparticle peakmanybody satellite(s)

THE QUASIPARTICLE PICTURE IS BROKEN

𝜀
kn

Fixed k

(non Lorentzian)

In the presence of interaction if  

Effect on the electrons: spectral function

Spectral function
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Angle-resolved photoemission experiments essentially measure the spectral weight
of the occupied electronic states (times a matrix element)

Effect on the electrons: spectral function

Spectral function



June 29, 2023 - Donostia/San Sebastián, Spain

Quasiparticle picture

We can expand around the quasiparticle peak E
kn

<<
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Quasiparticle picture <<

We can expand around the quasiparticle peak E
kn

Assuming also that we obtain:
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Where Is called the mass enhancement parameter. 

=

The quasiparticles are shifted by an amount

Quasiparticle picture <<

We can expand around the quasiparticle peak E
kn

Assuming also that we obtain:
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The quasiparticles are shifted by an amount

Where Is called the mass enhancement parameter. 

Taking the gradient with respect to k we get

Bare velocity
Dressed velocity

=

Quasiparticle picture <<
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Velocity renormalization due to the electron-phonon coupling

As > 0 The velocity is always reduced by the electron-phonon coupling

The quasiparticles are shifted by an amount

Where Is called the mass enhancement parameter. 

Taking the gradient with respect to k we get*

Bare velocity
Dressed velocity

=

Quasiparticle picture <<
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> 0 🡺  The effective mass is always enhanced by the electron-phonon coupling

or, equivalently, a renormalized effective mass (v=p/m): 

That is why is called the mass enhancement 
parameter.

Quasiparticle picture <<
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Velocity renormalization due to the electron-phonon coupling

Velocity and mass renormalization

Phonon frequency

ℏ

v
kn

V
kn

The red line has an enhanced mass with respect to the black one.

Mass renormalization due to the electron-phonon coupling
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Velocity and mass renormalization – Experiments (K-covered Graphene)

A. Bostwick et al.Nature Physics (2007)

v
kn

V
kn

A(k,𝜔)
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Velocity and mass renormalization – Experiments (MgB
2
)

v
kn

V
kn
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We finally note that the width of the Lorentzian is 

The electron scattering time for an electron of momentum k in the nth band is

We can expand around the quasiparticle peak E
kn

Assuming also that we obtain:

Quasiparticle picture <<
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Electron self-energy

The lowest energy diagram is
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Leading to:

with:

Electron self-energy

The lowest energy diagram is
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The real part is Principal value

Real part of the electron self-energy
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The quasiparticles are:

The real part is Principal value

Real part of the electron self-energy
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The imaginary part is

Note the similarity of this expression with the Fermi golden rule.

Imaginary part of the electron self-energy
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At low temperature the Bose functions can be neglected and 

The imaginary part is

Note the similarity of this expression with the Fermi golden rule.

Imaginary part of the electron self-energy
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Eliashberg function

The imaginary part is

It is customary to rewrite it in terms of the Eliashberg functions
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Substituting it in the self-energy we can write the 
textbook expression.

Eliashberg function

The imaginary part is

It is customary to rewrite it in terms of the Eliashberg functions
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Eliashberg function (approximation)

The energy of electronic states is of the order of the eV.

The phonon frequencies are of the order of 0-0.15 eV.
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We can approximate the Eliashberg function as:

Eliashberg function (approximation)

The energy of electronic states is of the order of the eV.

The phonon frequencies are of the order of 0-0.15 eV.
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To obtain:

We can approximate the Eliashberg function as:

Eliashberg function (approximation)

The energy of electronic states is of the order of the eV.

The phonon frequencies are of the order of 0-0.15 eV.
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Eliashberg function - zero temperature

At T=0 we have
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So that

This expression is zero if 

EnergyPhonon frequency

Eliashberg function - zero temperature

At T=0 we have
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Imaginary part of the electron self-energy at zero temperature
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Finite temperature behaviour of the electronic linewidth
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Expanding at low T with the condition but negligible for the electronic energy

scale (Fermi functions replaced by step functions):

The electron linewidth should increase linearly with temperature.

Finite temperature behaviour of the electronic linewidth
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Electron-coupling function

The quantity

is named the electron-phonon coupling function.

It is labeled exactly as the mass enhancement parameter:
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Ligges et al. J. Phys. Cond. Mat. (2014)

Electron-linewidth finite temperature behaviour - Experiments
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Outline

🡺 Born Oppenheimer (BO) and exact factorization

🡺

Electron-phonon driven superconductivity

🡺 Electron-phonon matrix elements

🡺 Second quantization of the electron-phonon Hamiltonian

🡺 Effects on the electrons

🡺

Effects on the phonons
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Interacting phonon Green function

G
0
(k,𝜔’)

D(q𝜈,𝜔) Phonon interacting Green Function

The lowest order correction (Dyson equation) is the bubble diagram 

=
D(q 𝜈,𝜔)

+ +   …..
D

0
(q 𝜈,𝜔)

D
0
(q 𝜈,𝜔) D

0
(q 𝜈,𝜔)

G
0
(k+q, 𝜔+𝜔’)

The interacting Green function is written as:
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Phonon self-energy at lowest order

We note that this is non zero only if 

=

meaning occupied and empty or vice versa.
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Phonon self-energy at lowest order

We note that this is non zero only if 

=

meaning occupied and empty or vice versa.



June 29, 2023 - Donostia/San Sebastián, Spain

Phonon self-energy at lowest order

We note that this is non zero only if 

=

meaning occupied and empty or vice versa.
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Phonon quasiparticle energies

The quasiparticle energies are obtained from the poles of the Green function

Assuming a small imaginary part of the self-energy:

with
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Phonon quasiparticle energies (insulators)

In an insulator (large gap), we have = electronic gap

 

We have

 

 

 

The fraction is dominated by the gap at the denominator and this term is small. 
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Phonon quasiparticle energies (metals)

In metals, we have

We have

The real part of the self energy is dominated by the poles, namely

 

as small as we like
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Phonon quasiparticle energies in the adiabatic approximation

The adiabatic approximation consists in replacing

with

It is a very accurate approximation in most cases.
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Phonon quasiparticle energies in the adiabatic approximation

Thus we have

with

The real part is dominated by the nesting condition
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It can also be shown that due to causality

The electron-phonon coupling always softens the bare phonon frequencies!

 

Phonon quasiparticle energies in the adiabatic approximation

Thus we have

with
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Example

One parabolic band.

One phonon mode.

Constant electron-phonon matrix elements:

We have:

Lindhardt function (electron-gas)
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The self-energy diverges
At 2k

F
 in D=1

One parabolic band.

One phonon mode.

Constant electron-phonon matrix elements:

We have:

Example

Lindhardt function (electron-gas)
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Temperature dependence

The self-energy diverges
At 2k

F
 in D=1

One parabolic band.

One phonon mode.

Constant electron-phonon matrix elements:

We have:

Example

Lindhardt function (electron-gas)
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Temperature dependence

The self-energy diverges
At 2k

F
 in D=1

One parabolic band.

One phonon mode.

Constant electron-phonon matrix elements:

We have:

Example

Lindhardt function (electron-gas)
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T large

T going to zero

Kohn-Anomaly

CDW

D=1

One parabolic band.

One phonon mode.

Constant electron-phonon matrix elements:

We have:

The self-energy diverges
At 2k

F
 in D=1

Example

Lindhardt function (electron-gas)
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T large

T going to zero

Kohn-Anomaly

CDW

D=1

Exercise:

One parabolic band.

One phonon mode.

Constant electron-phonon matrix elements:

We have:

The self-energy diverges
At 2k

F
 in D=1

DFT Phonon frequencies already 
include this effect

(with non constant g and non parabolic bands) !
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ZrTe
3
   1D metal, CDW seen in IXS

Hoesch, et al. Phys. Rev. Lett. 102, 086402 
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What happens in 2D, 3D metals ?

The real part is dominated by the condition (nesting condition)

We expect contributions in phonon spectra at the vector q mapping
one portion (not just a point) of the Fermi surface in another one.

Fermi surface 
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is the nesting vector: we expect softening at the nesting vector!

What happens in 2D, 3D metals ?

The real part is dominated by the condition (nesting condition)

We expect contributions in phonon spectra at the vector q mapping
one portion (not just a point) of the Fermi surface in another one.

Fermi surface 
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The Kohn-effect (Kohn-anomaly) – slightly more than 1 page.
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Phonon dispersion in simple 3D metals

Arrows indicates Kohn Anomalies
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Kohn anomaly in MgB2

Strong but irregular nesting along ΓΑ in warped cylinders formed by σ-bands results
in softening of the full E2g branch.

Kortus et al. PRL 86, 4656 (2001)
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Nesting between cylinders

M. Calandra et al. PRB 82, 165111 (2010)

Kohn anomaly in MgB2
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Dynamical effects (non-adiabatic)
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Dynamical effects (non-adiabatic)

DYNAMICAL (NON ADIABATIC) EFFECTS 
ARE IMPORTANT !

🡺 Carbon systems (and generally 
super-hard materials) are very peculiar in 
this respect as they have high energy 
phonon modes Ωqυ ~0.2 eV 
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This is what you would obtain applying the Fermi Golden rule for a phonon 
scattering with electrons.

Imaginary part and phonon linewidth

The phonon linewidth is the inverse of the phonon scattering time and it can be measured
in neutron scattering or in inelastic X-ray scattering.
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Key points:

Imaginary part is positive definite.

As in insulators  the imaginary part is zero.

In metals the phonon linewidth is dominated by Fermi-surface effects

The phonon linewidth (inverse of phonon lifetime) is:

2 for spin and 2 for Full width half maximum

Imaginary part and phonon linewidth
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Allen formula (metals)

If temperature dependence is weak:

P. B. Allen,   PRB 6, 2577 (1972)
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Allen formula (metals)

If temperature dependence is weak:

We have

P. B. Allen,   PRB 6, 2577 (1972)
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Allen formula (metals)

Neglecting the phonon frequency in the double delta (not always justified)

P. B. Allen,   PRB 6, 2577 (1972)

We have

DOS per spin at the Fermi level
Electron-phonon coupling

When anharmonicity is negligible, the phonon linewidth measures the electron-phonon coupling

Remember: electron energies measured 
from the Fermi Level
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MgB
2    

Measure of the electron-phonon coupling

Problem: Origin of the ≈20 meV linewidth of the E
2g

 modes:
Anharmonicity or strong electron-phonon coupling ?

experiment

Impossible to distinguish

the two contributions !
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A. Shukla, et al.   PRL 90, 095506 (2003)

Theoretical calculation

Good agreement with experiments
-> Weak anharmonicity.

(including only the electron-phonon
 contribution to the linewidth)

Linewidth = measure of the electron-phonon coupling

MgB
2    

Measure of the electron-phonon coupling

Problem: Origin of the ≈20 meV linewidth of the E
2g

 modes:
Anharmonicity or strong electron-phonon coupling ?
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Outline

🡺 Born Oppenheimer (BO) and exact factorization

🡺

Electron-phonon driven superconductivity

🡺 Electron-phonon matrix elements

🡺 Second quantization of the electron-phonon Hamiltonian

🡺 Effects on the electrons

🡺

Effects on the phonons
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The superconducting phase
R

es
is

ta
n

ce
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ie

ld
 H

 macroscopic quantum effects 
● magnetic flux quantization
● Josephson effect
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BCS theory

k

k’

-k

-k’
q = k’-k

H
BCS

= H
0 

+ H
red
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Migdal-Eliashberg (isotropic)

Nambu notation
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The superconducting critical temperature is well approximated by the 
Allen-Dynes formula for moderate 𝜆 values in most systems.

Migdal-Eliashberg (isotropic)

Allen-Dynes-modified McMillan formula

Nambu notation

Phys. Rev. B 12, 905 (1975)
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Take-home message

Electron-phonon coupling is involved in many quantities of interest. 

It affects both electronic and phononic spectral functions.

It is relevant for many technological applications.

It is the driving mechanism of conventional superconductivity.


