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What is electron-phonon interaction ?

Electron-phonon interaction characterizes the interaction between electrons and the motion of

nuclei.
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Why is el-ph. interaction relevant? \What quantities does it affect?



First example: the intrinsic resistivity of metals

mostly due to the electron-phonon interaction for kT 2 iw
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See O. Gunnarsson, M. Calandra, and J. E. Han
Rev. Mod. Phys. 75, 1085 (2003)
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First example: the intrinsic resistivity of metals
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Second example: electron-phonon mediated superconductivity
LETTER

Conventional superconductivity at 203 kelvin at high
pressures in the sulfur hydride system

A. P. Drozdov'*, M. I. Eremets'*, I. A. Troyan', V. Ksenofontov® & S. L. Shylin?

doi:10.1038/nature14964

a Temperature (K) b H yd roge n
0 100 200 . . r
7 T T T T § 200F ju} u
107 GPa ‘ .l . ..
115 GPa )
122 GPa " Y | ]
— B g a mv\e\s\g\
% 135 GPa — B
9 . ~ o .
e % i — 10t o Deuterium |
E 155 GPa I—
é 161 GPa o
177 GPa L J
J /Qﬁ
3 o,o? 5 L 2 : : 0L L " 1 . L
e M 150 200 250
8000 H Pressure (GPa)

0 100 200
Temperature (K)

Conventional superconductivity is due to the electron-phonon interaction
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Third example: temperature dependence of band gaps in semiconductors
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M. Cardona, S. Gopalan, Progress in Electron Properties of Solids pp 51-64

P.B. Allen and M. Cardona Phys. Rev. B 27 4760 (1983)
G. Antonius, et al., Phys. Rev. Lett. 112, 215501 (2014).
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Fourth example: angle-resolved photoemission spectroscopy (ARPES)

photon source energy analyser

p;=tk, E, =t

hv

S/ 1 Final state (extracted electron)
] 272
| A ok
sample — = — f
/\' / Ps hkf Ey, = )
(@ UHV - Ultra High Vacuum m
(p <1077 mbar)
Energy conservation: Momentum conservation
E ¢ Sample _ =
E,=Ey + Ep (k//, solid) k//,i k It

1
k"’f - E w/szkin sm(H)

E,= Binding Energy
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ARPES: kinks in electronic structure due to the electron-phonon interaction

As grown Increased doping by K deposition —»

‘\ DFT bands

Binding Energy ho, eV

S(k = ko, E)
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Momentum, A1
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Inelastic X-ray scattering to measure phonons

dQ

photon
neutron
electron
helium atom

* Energy transfer:
E;(—E,=E (0.001 —1¢eV)

® Nﬁ[omelltumﬁtr ansfer )
k,—k =Q (0.0001—100 nm")

1
Q= \/(kf —k;)? = 0—2\/E} + Ez2 — 2F;Ff cos(20) ~

Q=k; —k;
E=E;-E,
By = cky
Eq; = C]{qu
E << Ej
E << FE;

2F; \/1 — cos(26)

c2 2
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Fifth example: inelastic X-ray scattering spectra
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Fifth example: inelastic X-ray scattering spectra

Energy of the phonon line :

—¥» Harmonic phonon frequency
—» Anharmonic shift
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Fifth example: inelastic X-ray scattering spectra

Energy of the phonon line :

—¥» Harmonic phonon frequency

—» Anharmonic shift

Intensity of the phonon line :

— Phonon eigenvectors

Phonon linewidth :

—» Decay of a phonon in an electron-hole pair

due to the electron-phonon coupling

+

—» Anharmonicity: decay of a phonon in two
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phonons conserving energy and momentum



Sixth example: ZrTe, 1D metal, charge-density wave phase seen in IXS

Qqu energy (meV)

-3.88 -3.92 -3.96 -4.00
along ggpy (@* component)

Hoesch, et al. Phys. Rev. Lett. 102, 086402 (2009)



Absorption coefficient o (cm")

Seventh example: electron-phonon mediated optical absorption
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Deslippe et al. Comput. Phys.
Commun. 183, 1269 (2012)

Gap of silicon is indirect (1.2 eV), minimum direct gap is 3.4 eV.
Direct optical absorption impossible in the visible.
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Absorption in the visible is phonon-assisted, enables silicon solar cells.

Silicon captures photons above 1.1 eV

PHYSICAL REVIEW LETTERS

PRL 108, 167402 (2012)

week ending
20 APRIL 2012

Phonon-Assisted Optical Absorption in Silicon from First Principles

Jesse Noffsinger,"2 Emmanouil Kioupakis,3 4 Chris G. Van de Walle,3 Steven G. Louie,l’2 and Marvin L. Cohen'
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Electron-phonon mediated optical absorption

27 , —
Pilar = T | {f1 & |1)|26(E, — E; F hw)

No absorption below the gap
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Electron-phonon mediated optical absorption

Petal Vol 1) l9piD 13’2 <wprl € * P IWa,> P

2
gvkls—'ckz-‘ = _2i(er>
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Absorption below gap possible via electron-phonon scattering
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Born Oppenheimer (BO) and exact factorization

Electron-phonon matrix elements
Second quantization of the electron-phonon Hamiltonian
Effects on the electrons

Effects on the phonons
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Electron-phonon driven superconductivity



QOutline

I Born Oppenheimer (BO) and exact factorization



Cystalline systems: notation

ai,az,as

Ria=Rp+ 74

R =1ia; + jaz + la3
L=(i,j3,0)



Crystal Hamiltonian

2
LA P;
V(R Ve Vie(r, R
H = §2MA+ ) + _om T (r) + Vie(r,R)

(2




Crystal Hamiltonian

H = Z LA+V

2M 4
62 ZAZB
V(R) -
2 LAZEB IRra — Ry
(L,A)#(L,B)

_|_

7

p?
2m

+ Ve(r) + Vie(r,R)



Crystal Hamiltonian

H = Zg]@i”/

p?
2m

+ Ve(r) + Vie(r,R)

\J

Electronic part

62 ZAZB
VR) = = Y
2 LA LB [Rra — Rl
(L,A)#(L,B)
Z A

B e? 1
%(I‘,R) - E; |ri_rj|
i#j

r electronic coordinate




Crystal Hamiltonian

H = Z Pia Ly )+ 2 v Ve R)

2MA 2m

7

\J

Electronic part

e 1

¢? ZaZp Vo(r,R) = — >
VR) = — el -
( ) 2 LAz,L:B |RLA_RMB| 2 Z,j ’rl rJ‘

(L,A)#(L,B)
Z A r electronic coordinate
Z e?
‘/z'e(ra R) - = Z
- 1. -€
i LA Rra —ri

« Bare » electron-ion interaction




Crystal Hamiltonian

2
P74 P; ,
H = E 2MA+V | 2m+Ve(r)+Vw(r,R)

(2

v

We call this HeI



Exact factorization

LA
H = §j2MA+V r) + Vie(r,R)
H—ind ®(r,R,t) =0

The exact solution of this equation is written as

where for any t and any fixed ionic configuration R

2. /dr\w(r,R, 1> =1



Recasting the problem in terms of the ionic eigenvector

2
HX®BR) = 3 7L (R (r, R)] + X(R)Ha(r, R) = Ex(R)Y(r, R)
I



Recasting the problem in terms of the ionic eigenvector
2
HRVER) = 3 gy WV R+ X(R b, R) = EX(R)( )

My = Yol x+22M [2(P )P+ x (PF+ Ha)] ¢ = Exy



Recasting the problem in terms of the ionic eigenvector
2
HRVER) = 3 gy WV R+ X(R b, R) = EX(R)( )

M = Yol x+Z2M [2(P )P+ x (PF+ Ha)] ¢ = Exy
I

/ dr 1)’ 3 .
, / dr "



Recasting the problem in terms of the ionic eigenvector
2
HRVER) = 3 gy WV R+ X(R b, R) = EX(R)( )

M = SwgLx+ 3 oo [APLOP: -+ x (P + Ha)] ¥ = Exv

. I I
/ dr )’ 3
, / dr "

> orbx+ Y gar [RLOWIPLIY) + x(BIPH)] + x| Halw) = Ex
I I



Recasting the problem in terms of the ionic eigenvector

2
HRVER) = 3 gy WV R+ X(R b, R) = EX(R)( )

P? 1
| Hxy = zjjwﬁﬁ 2; oar; (2PDOPr+x (PF+ Ha)] ¥ = Exy
/ dr ¢* ‘ )
, | / dr ™
P2
> orbx+ Y gar [RLOWIPLIY) + x(BIPH)] + x| Halw) = Ex
I I
1 )

x=E&x

2
[ZQP—II > s WPIIPs + 3 g WiPle) + B
I

ER) = (¢|Halt)
\_ EXACT EQUATION




Born-Oppenheimer approximation ',3,
i &/‘

Z Z —(Y[P1ly) PI+Z ~(WIPIl) + B(R)| x = €x
ER) = (Y|Helt)



Born-Oppenheimer approximation g ﬁ
p? L i & A

Zm+z— I+22]\/ '\?’!PI|¢>+E(R) X=EX

I I 1 7

E(R) = (¢|Hel|®)



Born-Oppenheimer approximation

Hyip =) 2M +ER)  cgcHn

sssssssssssssssssssssssss
aaaaaaaaaaaaaaaaaaaaa

We now want to treat the neglected terms in perturbation theory.
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[ Born Oppenheimer (BO) and exact factorization

0 Electron-phonon matrix elements



Neglected terms in the BO

2

P7
<Xp¢m|H|X§¢n> — <X£| [Z oM; +E( )] |X§>6§,p5n,m
+Z - (%o P1lxe) (¥l Pribn) +Z ¢m|P%\wn>6,,,g

—

1
AH' = ZE<X{)|PI|X§>(¢m|Pﬂ/)n>
T AH? = Z2M (Ym|PFHon)0p ¢




Expansion around equilibrium position
bR = 9
Un(r,R) = Qpn as:
Yn = YO+ = 0 + 8l + 82 + ... =

zbn,lAHelwn OIAH92,) (92, |AH|9S)
— ,(po—i—z +ZZ 60—6 6%—62, 2/+

6
n'#n n n'’ n'#nm/#n

1
AH. = H,(R)-H,R"~ ;vuJHe gt ;VuJVuIHeuJuI + s



Expansion around equilibrium position
bR = 9
Un(r,R) = Qpn as:
Yn = YO+ = 0 + 8l + 82 + ... =

0 ¢n/|AHe|¢n w|AHe|[Yp,) Yy | AHe|[ ) g
— ¢+Z el — ¢l +ZZ 60—6 el — ¢l w
n'#n n n'#nm'#£n n
1
AHe = H(R)-H(R")~> VyHe us+ 5 > Vo,V Heugug + ...
J 1,J

%, in

1
AH! = Zﬁ<Xp|PI|X£><¢m|PI¢n> AH? = ZQM (Ym|PFH1n)0pe



Expansion around equilibrium position: Linear order in R-R;

1
AHI = E E<Xp|PI|X§><¢m|PI¢n>
I

(Ym|Pripn) = / [dr] (v, + 6%m)*Pr(vn + 6¢y) & / [dr] () P16¢y,



Expansion around equilibrium position: Linear order in R-R;

1
AHI = E E<Xp|PI|X£><¢m|PI¢n>
I

(Gl P1bm) = / ] (92, + 64m) P (0 + Stp) / dr] (42, P 189

<¢m|P1wn> ~ <¢m|P15¢n>:
/A e 0
= 3 il o WAl |

n'#n Gn €nr

| PrAH,
— Z <,¢)0 |,¢O ><¢n | I— - W) >
n'#n n n’

— <¢0 |VUIH€|¢O> (1 _ 5mn)




Expansion around equilibrium position: Linear order in R-R;

1
AHI = E E<Xp|PI|X§><¢m|PI¢n>
I

(Ym|Pripn) = / [dr] (v, + 6%m)*Pr(vn + 6¢y) & / [dr] () P16¢y,

(¥m| Vu, He|¥n)

0 _ A0
€h — Em

(1 — 6mn)

1
AH = iy — (v, |P




Expansion around equilibrium position: Linear order in R-R;

1
AH? = Zm<¢m|P%|¢n>5p,£
T

(P2 = / [dr] %, (r, R) P24, (r, R) ~ / ] (92, + 6L, P2(W0 + 611

As 61} is linear in uz, then P%ul =0 and AH? = 0.



Expansion around equilibrium position: Linear order in R-R;
Hvib

(XoUm|HIxen) ~ (xel

P2
ZW+E( )| X¢)0¢,p0n,m

0|V, He |92
_th XP|P]|X <¢m|€0 _IEO |¢ > (1 - 6mn)

/

We focus on the linear order and manipulate this term to obtain the linear
electron-phonon coupling.



Linear electron-phonon coupling

[Hyip, R1] = [Hyip, ur] = —th—

_th XP|PI|X£ Z(XPH mb,U-IHXg) (gp_gé ZXp|uI|X§
I

I

We impose energy conservation:

E,— & =€) —¢€

0
m




Linear electron-phonon coupling

[Hv’iba RI] = [Hvib7 UI] —th——

—’LFLZ XplPI|X£ Z(Xpl[ mb’uI]|X§> (gp _55)2<XP|uI|X§>
I

I
5p—5£:€9z_€9n

. 1 (Y| Vuy Heltp)
1 _ m n
AH" = —ih EI :E<Xp|PI’X€> eV _I €0 (1 — dmn)

AHY = 3" (g urxe) (68 Vg Ho ) = 37O luzaalxe) (68, oo

e
T oo 8uLao¢

n)




Linear electron-phonon coupling

AH" = 3 (ol e W8V Helth2) = 3 (pltzaalxe) (60 e )

I Lao

8u Fai

Deformation Potential
(real space)

/ zqRL 1 .
ULaa = Z \/aTqy aqy + a’—qz/) (HarmonIC phOﬂOnS)

ciaRL OH.
R DY e ﬁ L (Xplagy + al g xe) Wil 5 190)

vq Lao




Linear electron-phonon coupling

OH,
s m’qRL<xp|aq,,+a_q,,|Xg><¢0| T V0)

vq Lao

Uqaa

B OUqaa 1 —iqr;, O
8uLaa zq: a’U,Laa auqaa N zq: ° 0

ao\* T 0 aI{e 0
Z Z 2NM wqy I/) <Xp|aq1/ + a’—qu|X§><¢m|8u |¢n>

vq ao qac
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Born Oppenheimer (BO) and exact factorization

0
0 Electron-phonon matrix elements
0

Second quantization of the electron-phonon Hamiltonian



Second quantization

h OH,
AH' = aayx t 0 e 1,10
gqj 2| 3N Mg, (€ Xolaar + alau bee) Wil = 1)

O =) ($:l0l¢)cles

s,S

{los)}

Sn = Yin(r) = gy (r)/VN



Second quantization
Viks(r) = Hey — Ty

Vis(r) = e ygg(r)

ikr  * et ravKS(r) ik'r
Bl ) =y | e g ()i S ey (o)

/ ; ov r /
_ Nzez(k —k+q)R/ere—zkrul*( (r)e iqr 8{25( ) cik'r wiern () =

Uk—qn >

Ovks(r)
QUga

= 0k k_q <Ukm

8?}}(5’( )

aa

uk—qn>

gkm,k -qn — \/> Z \/a—wqy<




Hamiltonian in second quantization (Frolich)

ﬁe_ph = Z eknCLann + Z hwqu (aqyaq,, + ) + Z Z Z Jken k- qmcknck S G al av)

kn qv k,g n,m v

n — <¢kn|HKS|¢kn>_ €EF

(%KS( )

aa

uk—qn>

gkmk an \/>Z\/GTW<
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Born Oppenheimer (BO) and exact factorization

Electron-phonon matrix elements

Second quantization of the electron-phonon Hamiltonian
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Effects on the electrons



Perturbation Theory

A 1
HE—Ph = E :GknCLann + § :hwaf (ajqz/a’ql/ + 5) + E : E : E :gll:n,k—qmanck—qm(aqv + aT—qu)
kn

qv k,qg nom v

Green’s function electron-phonon vertex
G, (kn,®) G(kn, ®) / k+qm
kn
qv
Dy(qVv,) D(q v, ®) v
................................ ® gkn,k+qm

Free/bare Interacting/dressed



Perturbation Theory

Electrons Phonons
1 2hwqy
Colkn ) = e ¥y noninteracting Dol ) = G — (w2 + i
1 2thy
k _ D(qu,w) = ,
G(kn,w) s — e — S (k) (9,w) (hw)? — (hwgy)? 4 in — 2hwg 11(qr, w)
Electron self energy Phonon self-energy
S(kn,w) = Gyt (kn,w) — G~} (kn,w) (qv,w) = Dy* (qv,w) — D™} (qv,w)

What is the effect of the self-energy (i.e. interactions) on the spectrum ?



Effect on the electrons: spectral function

Akn(w) = —Im G(kn,w) S

Im ¥(kn, w)

absence of interaction

Y a4y, (@) =pos

Re X (kn,w)
Im X(kn,w)

(hw — €xn, — Re Z(kn, w))? + (Im X (kn, w))?

-0

> 7

Fixed k

(Lorentzian)

Energy = w



Effect on the electrons: spectral function

Im ¥(kn, w)
(hw — €xn, — Re Z(kn, w))? + (Im X (kn, w))?

Akn(w) = —Im G(k'n,,w) S

presence of interaction Im¥(kn,w) << ReX(kn,w)
THE QUASIPARTICLE PICTURE IS PRESERVED

f Ay, (@) = DOS Fixed k

-Im X (kn,w)

K (Lorentzian)

Energy = w




Effect on the electrons: spectral function

Akn(w) = —Im G(k'n,,w) S

Im ¥(kn, w)

presence of interaction
THE QUASIPARTICLE PICTURE IS BROKEN

Agp (@) f

satellite(s)

(hw — €xn, — Re Z(kn, w))? + (Im X (kn, w))?

Im X(kn,w) islarge

quasiparticle peak

>
Energy = w

Fixed k

(non Lorentzian)



Effect on the electrons: spectral function

Im ¥(kn, w)
(hw — €xn, — Re Z(kn, w))? + (Im X (kn, w))?

Akn(w) = —Im G(k'n,,w) S

Angle-resolved photoemission experiments essentially measure the spectral weight
of the occupied electronic states (times a matrix element)

E ¢ Sample

hv

sample -
k—\
/ UHV - Ultra High Vacuum £
¥ (p <1077 mbar )




Quasiparticle picture ImY(kn,w) << ReX(kn,w)

S(kn,w) ~ S(kn, Exn) + % OF L)

(hw - Ekn)
Ow w=Ejn /h



Quasiparticle picture ImY(kn,w) << ReX(kn,w)

1 0¥(kn,w)

Y(kn,w) ~ X(kn, Ex,) + = (hw — Exp)
h a(d W=Ekn/ﬁ
0 Im X (kn,w) O Re X (kn,w)
ow << ow



Quasiparticle picture ImY(kn,w) << ReX(kn,w)

N 1 0¥(kn,w) B
E(kn,w) ~ Z(kn, Ekn) | E, a—w i (hw Ekn)
0 Im X (kn,w) O Re X (kn,w)
Ow << ow
Im X (kn, F
Agn (W) = - 0 067, Plen) 3
(hw — exn — ReX(kn, Byy,) — + Re2(aw) g (90 Ekn)) + (Im X (kn, Eyn))?
W=Likn
exn — Exn = exn + Re X(kn, Fyp) + Akn(Aw — Fxy)
1 OReX(kn,w)
Akn = ﬁ Ow mass enhancement parameter.

w:Ekn/h



Quasiparticle picture Im X(kn,w) << ReX(kn,w)

exkn — Fxn = €kn + ReX(kn, Expn) + Akn (A — Exp)
1 OReX(kn,w

Where Akn = = (kn, w)
h ow w=Eyen /h

an = Vkn — /\ankn

" Bare velocity
Dressed velocity



Quasiparticle picture ImY(kn,w) << ReX(kn,w)

ekn — Exn = €xn + ReX(kn, Fxy,) + Akn(Aw — Exy)
1 OReX(kn,

Where Akn = = 22LY
h Oow w=Eyen /h

an = Vkn — /\ankn

" Bare velocity
Dressed velocity

Vkn . . . -
Vi = 15 Velocity renormalization due to the electron-phonon coupling

As Axn >0 The velocity is always reduced by the electron-phonon coupling



Quasiparticle picture Im X(kn,w) << ReX(kn,w)

:l—l—)\kn

Mltn =(1+ )‘kn)mikcn

Axn >0 [ The effective mass is always enhanced by the electron-phonon coupling

That is why Akn is called the mass enhancement
parameter.



Velocity and mass renormalization

an =

Vkn
14+ Akn

Ml)(kn = (1 + ’\kn)mik(n

Velocity renormalization due to the electron-phonon coupling

Mass renormalization due to the electron-phonon coupling

Phonon frequency

red line

Momentum

black one.




Velocity and mass renormalization — Experiments (K-covered Graphene)

Momentum
As grown Increased doping by K deposition —»

= F130

S meV

1.5x10'3 B 37«00 Ol sex10n

A(k,w)

Binding Energy ho, eV

5.6x10"3

-0.1 0.0 0.1

Momentum, A-!



Quasiparticle picture

Axn(w)

S (kn,w) ~ X(kn, Exn) + 7

0Im ¥ (kn,w)

1 0¥(kn,w)

ow

O Re X (kn,w)

5 <<

ow

Im S(kn, Exn)

Im Y (kn,w) << ReX(kn,w)

(hw - Ekn)

w=Ekn/fL

(hw — exn — Re S(kn, Ein)

1 OReX(kn,w)

h

Oow

I‘kn
2

h
2Tkn

szkn/h

Fkn —

2
(hw — Ekn)> + (Im 2 (kn, Fyy))?

— Im ¥ (kn, w)



Electron self-energy

-----
- ~ o



Electron self-energy

-----
- ~ %

1 2|: nu+fk+m nu+1—fk+m
Sk o) = = v q q _ 3 q an__
( ) N, qzm; ‘gkn,k+qm| hw + hwgy — €xyrqm +11  w — Awgy — €xyqm + 7

_ 1 L
Nav = oxp(Bhwey)—1 fun = exp(Blexn—p)+1




Real part of the electron self-energy

1 " Naw + fitam Ngv + 1 — fktqm
ReX(kn,w) = —P K . . Fr— :
( ) N, Z Z ‘gkn,k+qm| lhw + hwqy — €ktqm  w — hwgy — €xtqm

qn v



Real part of the electron self-energy

1 2 Ngv + fitqm Nay +1 = ficrqm
ReS(kn,w) = —P 4 : S N
( ) N, Z Z ‘gkn,k+qm| [ﬁw + hwqy — €k-+qm hw — hwgy — €k+qm

qn v

Fxn = €xn + ReX(kn,w = Ey, /h)




Imaginary part of the electron self-energy

s " 2
Im¥(kn,w) = _ﬁq Z Z ygkn,k+qm‘ [(nqv + fitaqm) 0(Aw + hwgy — €xtqm)

qm v

+ (nqu +1-— fk+qm) 6 (hw — hwqy — 6k+qm)]



Imaginary part of the electron self-energy

Im E(kn w = —— Z Z ]gkn k+qm‘ nqu + fk—i—qm) 5(hw + hqu - €k+qm)

qm v

+ (nqy +1-— fk+qm) 5(hw - hwqu - €k+qm)]

—Im Y(kn, w) Z Z |9kn k—{-qm‘ fk+qm (M + Mgy, — Ek+qm> +(1- fk+qm) 0(hw — fiwgy — 6k+<:1m>: X —

T qm v



Eliashberg function

s " 2
Im¥(kn,w) = —ﬁq Z Z ‘gkn,k+qm‘ [(nqv + fitaqm) 0(Aw + hwgy — €xtqm)

am v

+ (nqy + ]. - fk_+_qm) 5(77,6(} — hLUqV — €k+qm)]

1 5 9
oz2Flitn(w, Q) = ﬁ Z (S(hQ — hCqu) Z ‘gkn,k-l—qm’ 5(h’w — €k+qm == qu)
q qu "



Eliashberg function

7L » 2
Imz(kn,w) = -Fq Z Z ‘gkn,k—kqm‘ [(nqz/ + fk+qm) 6(hw + hqu/ - 6k+qm)

am v

+ (nqu +1- fk+qm) 6 (Aw — hwqy — 6k+qm)]

1 5 9
oz2Flitn(w, Q) = ﬁ Z (S(hQ — h(qu) Z ‘gkn,k-l—qm’ 5(hw — €k+qm == mqy)
q qu "

ImX(kn,w) = -—7h /000 dQ [a2F1;(w, Q) (n(Q)+ flw+ Q) + ozsz_n(w, Q) (n(Q2) + f(Q— w))]



Eliashberg function (approximation)

2Flicn(“) Q) N Z 6 (P — hwqy) Z ngn k+qm| 6 (hw — €k+qm T hwqy)



Eliashberg function (approximation)

2F1icn(w Q) N Z 6 (A2 — hwqy) Z |9112n,k+qm|2 6(hw — €xtqm %

2Fkn(w Q N Z(s hQ h"‘)qV z |gkn k+qm’ 5(hw - 5k+qm)

a?Fip(w, Q) = a2F12:L( ,Q) = a?F_ (w,Q)



Eliashberg function (approximation)

2Fli};’b(w Q N Z 6 hQ) — hwa/) Z |gkn k+qm| 5 — €k+qm %

2Fkn(w Q N Z(S hQ h"‘)ql/ z |gkn k+qm’ (5(7100 - 5k+qm)

i) = 02 (0,9) = 02 (1, 0)

Im¥(kn,w) = -—mh /000 dQ [? Fin(w, Q) 2n(Q) + f(w + Q) + £(Q — w))]



Eliashberg function - zero temperature

ImS(kn,w) = —h /0 " 9 [0 Fien(w,9) (20(Q) + f(w + Q) + F(2 - w)]



Eliashberg function - zero temperature

ImS(kn,w) = —h /O " 9 [0 Fien(w,9) (20(Q) + f(w + Q) + F(2 - w)]
n(Q) = 0 flw)=1-0(w)
Im¥(kn,w) = —7h /_(: dQ [0® Fip(w, Q) (2 — 0(w + Q) — 6(Q — w))]
0 < |w|
-

Phonon frequency



Imaginary part of the electron self-energy at zero temperature

Im¥(kn,w) = —nh /00 ds} [a2Fkn(w7 Q) (2-0(w+0)—-0(Q— w))]

-0

\ _ImZ(kw)

-KQ

v

Y (A



Finite temperature behaviour of the electronic linewidth

I'kn, = —ImX(kn,w = Ey,)

=7 /Ooo 2 [0 Fin (Bxn, Q) (2n(Q) + f(Q + Exn) + f(Q — Exn))]



Finite temperature behaviour of the electronic linewidth

I, = —ImX(kn,w = Exy,)
— /Ooo dQ [ Fien(Exn, Q) 2n(Q) + f(Q + Exy) + £(Q — Exn))]

kT > hQ

00 V 00 2F n E n 0
~ 271'/ an2Fkn(Ekn,Q)+27rkBT/ & Tk }'E,Qk ’ )dQ:
0 0

o0
_ on / dQ 02 Fien (Biens ) + kT Akn ® o2 F (En, O
0 )\kn _ 2/(; (67 knngkna )dQ

The electron linewidth should increase linearly with temperature.



Electron-coupling function

o0 a2Fkn(Ekn, Q)
n =2
)\k /() 70 dQQ

electron-phonon coupling function.

N 1 OReX(kn,w)
kn = p Ow

wIEkn/h



Electron-linewidth finite temperature behaviour - Experiments

00
I'kn, = —ImX(kn,w = Ey,) = 27T/ an2Fkn(Ekn,Q)+7TkBT)\kn
0

5 ML Pb/Si(111)

0.18F 5 ML Pb/SI(111)

mg

e,
......
........
LA
LT
......

photoemission intensity (arb. u.)

— e —_— 00h s s s s S ]
-600 -400 -200 0 0 50 100 150
E-E¢ (meV) Temperature (K)

Ligges et al. J. Phys. Cond. Mat. (2014)



QOutline

Born Oppenheimer (BO) and exact factorization

Electron-phonon matrix elements
Second quantization of the electron-phonon Hamiltonian

Effects on the electrons

O O Oo o 0O&8

Effects on the phonons



Interacting phonon Green function

_______ D(qv,w) Phonon interacting Green Function

The simplest approximation to the interacting phonon propagator is

G, (k+q, w+w’)

+ - - +
D,(qv,w) D,(qv,w)
G, (k,w’)

The interacting Green function is written as:

Mty
(hw)? — (hwgy)? + in — 2hwq I1(qu, w)

D(qu,w) =



Phonon self-energy at lowest order

) -

Jin — f
N ZZ|gknk+qm| €1t m—eknk——i_(;in;—in

k nm

fkn - fk+qm 7& 0

€kn  occupied and fk+am  empty



Phonon self-energy at lowest order

) -

Jin — f
N ZZ|gknk+qm| €1t m_eknk_—k(;;:_in

k nm

fkn - fk+qm 7é 0

€kn  occupied and fk+am  empty

fkn - fk—l—qm
Rell(qv, = ——77
ell(qu,w) Ek nEm ‘gkn k+qm‘ Foo + €xm — €leram



Phonon self-energy at lowest order

e -

Jin — f
N ZZ|gknk+qm| €1t m_eknk_—k(;;:_in

k nm

fkn - fk+qm 7é 0

€kn  occupied and fk+am  empty

fkn_fk—l-qm
Rell(qr,w) = ——P§ >
e (CIV w) = ‘gkn k+Qm‘ hw+€kn — €xtrqm

ImII(qr,w) = N Z Z |gkn k—|—qm| (fxrn — fx+qm) 0(€krqm — €xn — Fw)

k nm



Phonon quasiparticle energies

2wy

DU E) = G~ (v P +im — P (v, )

(thV)z = (hqu)Q — 2hwqy ReIl(qv, Qqy)

1 2 fkn - fk+qm
Re H(ql/, CL)) = —qu Z Z |glzn,k+qm‘ hw =+ €kn — Ek—i—qm
k nm



Phonon quasiparticle energies (insulators)

A = electronic gap

fkn =0
| €xr, — €k+ql > A ~ leV
———————————— LA €Er
Mq  ~0—150meV K A
fkn =1
. fkn fk+qm 2
Rell(qr,w) = __PZZ|gknk+qm| ~g°/A

k nm h&)—f-ék — fk+qm
= A
i



Phonon quasiparticle energies (metals)

|€kn - 6k+qm|

dqy = 0 — 150 meV

1
Rell(qr,w) = —qu Z Z |9ﬁn,k+qm|2

k nm

fkn - fk+qm

— €kn



Phonon quasiparticle energies in the adiabatic approximation

(Mqu)? = (hwqw)? — 2hwqy ReTl(qu, Qqy)

(7Qqu)? = (hwgy)? — 2fiwq, ReTl(qv,0)



Phonon quasiparticle energies in the adiabatic approximation

(Mqu)? = (hwqw)? — 2hwqy ReTl(qu, Qqy)

fkn - fk—l—qm
bw + €xn — €k+qm

1
Re H(QI/,X) = —Fqlp Z Z ‘gl’:n,k+qm‘2

k nm

nesting condition

€k+qgqm — €kn



Phonon quasiparticle energies in the adiabatic approximation

(Mqu)? = (hwqw)? — 2hwqy ReTl(qu, Qqy)

fkn - fk+qm
bw + €xn — €k+qm

1
Re H(QV,X) = —Fqlp Z Z ‘gl’:n,k+qm‘2

k nm

Rell(q,0) > o0

The electron-phonon coupling always softens the bare phonon frequencies!




Example

.fkn =0
AQqum e mm e
fkn =1

|glI:n,k—|—qm‘2 = 92

ReIl(q,0) = —g*xo0(q)



Example

—xo(q)

Rell(q,0)

|glzén,k—|—qm

7*x0(q)

‘ 2

______________________



Example

fkn -
AQq- ENeSsssss e
fkn =1
v 2 2
|gkn,k—|—qm‘ =g

ReIl(q,0) = —g*xo0(q)

T
. = ]deal system _|
e y=0.1
= T=10K
s T=100K

3k/k=0.02

—xo(q)




Example

fkn -

fknzl

|gllén,k—|—qm‘2 - 92

Rell(q,0) = —QZXO(Q)

~
(@)

o) 30
N—r

= < = 9K"=0"0S
Dj Q o I=100K

m s I=10K
' I e J=074
<+ — [q6T] 2A2061U |




Example

fkn =
L P P €r
fkn =1
2 2
|gll:n,k—|—qm| =g
_ 2
RelIl(q,0) = —g“xo0(q)
D=1
Qqu
E’Il, d 18 19 (S] 3“1 55 T r
| Kohn-Anomaly
l q
= , | 7 i
\?: 2 |' g 21K"=0"0S
P 5 ;o |
A { J e o T going to zero
I 0 I: Zlk'_— *—m\ CDW
| [ (Mq)? = (wqy)? — 2Mwq, ReTl(qy, 0) "



Exercise:

DFT Phonon frequencies already

include this effect
(with non constant g and non parabolic bands) !

g Kohn-Anomaly

Rell(q, 0)

T going to zero
B v CDW




ZrTe, 1D metal, CDW seen in IXS

Qqu energy (meV)

-3.88 -3.92 -3.96 -4.00
along ggpy (@* component)

Hoesch, et al. Phys. Rev. Lett. 102, 086402



What happens in 2D, 3D metals ?

(nesting condition)

€k+qm — €kn

one portion (not just a point)




What happens in 2D, 3D metals ?

(nesting condition)

€k+qm — €kn

one portion (not just a point)

A
>

\ is the nesting vector: we expect softening at (or close to) the
nesting vector



IMAGE OF THE FERMI SURFACE IN THE VIBRATION SPECTRUM OF A METAL*

Department of Physics, Carnegie Institute of Technology, Pittsburgh, Pennsylvania

The lattice vibrations of the ions in a metal are
partly screened by the conduction electrons. We
shall see that this screening changes rather rap-
idly on certain surfaces in the space of phonon
G-vectors and that therefore on these surfaces
the frequencies w vary abruptly with §. The cal-
culations we have done give the result that w(q)
is a continuous function of § but that on the sur-
faces in question

Igradﬁw(ﬁ)l =w. )

The location of these surfaces is entirely deter-
mined by the shape of the electronic Fermi sur-
face, using a simple geometrical construction.

To explain the physical origin of this effect let
us first describe the conduction electrons by a
free electron gas, with Fermi wave number kp.
One then finds that an embedded charge distribu-
tion,

Pext®=pocaT, @
induces an electronic charge density
pe1® = -Flahpoe™@T, ®

where

1 k ' q+2k
F Fil.
F(q)=1ra_,q' |:1+;— (1 - E;T) In m”y 4)

(Received April 6, 1959)

here a, is the Bohr radius. Note that near ¢=2k 7
>

1 1
F(q):m (1+§k—1;(q~2kF)lnlq-2kFD,(5)
and
aF@) | 1 i on e
L i Inig-2kplx-v. )

The last equation shows an abrupt decrease of the
ability of the electrons to screen the embedded
charge distribution as soon as g exceeds 2% o
This is due to the fact that as long as g<2k,
Pext(;) causes virtual excitations of some elec-
trons with conservation of energy while when
q>2k i such excitations are no longer possible
(see Fig. 1). Now a lattice vibration of wave vec-

FIG. 1. Virtual excitations for g<2kp and ¢> 2kp.

VOLUME 2, NUMBER 9 PHYSICAL REVIEW LETTERS May 1, 1959

tor § produces a change of ionic charge density
of the form

Pion® = T, Ay expli@+K,) 7], (U]
where K, are the reciprocal lattice vectors.
Therefore we expect an abrupt change of the re-
storing force whenever { is such that, for some
reciprocal lattice vector K,

13+K, I =2kp. ®)
On the surfaces in q-space defined by (8), one
finds the singularity (1) as a consequence of (6).
Next we consider noninteracting Bloch electrons

with a Fermi surface given by

ER®)=¢. ©)

Again one finds singularities of gradsw, whose
locus is determined by the following construction
(Fig. 2): Let II, and II, be two parallel planes in
K-space touching the Fermi surface at k, and K,.
Then there exists exactly one reciprocal lattice
vector K,, such that the vector §, defined by

i-E-E+K,, 0)
lies in the fundamental Brillouin zone. At this
point §, Eq. (1) holds. The totality of pairs of
planes II, and II, generate the required locus of
singularities of the vibration spectrum by means

of Eq. (10).
Finally the question arises how the Coulomb in-
teraction between the affects

FIG. 2. Construction for the case of Bloch elec-
trons.

do not affect the nature of the singularities, but
only their magnitude. It therefore appears un-
likely that the Coulomb interactions can obliter-
ate the effect we have discussed, which basically
reflects the sharpness of the Fermi surface.

The magnitude of the effect may be quite large
(very roughly of the order of percent), and its
observation in lattice vibration spectra would
give rather direct information about the shape of
the Fermi surface.

Similar “images” of the Fermi surface may be
expected in spin wave spectra, when the interac-
tion between localized spins is brought about by

with

our conclusions. We have partly allowed for this
interaction by regarding it as a perturbation and
summing certain important terms in the result-

ing perturbation expansion of w(q). These terms

A detailed report is in preparation.

* Supported in part by the Office of Naval Research.

The Kohn-effect (Kohn-anomaly) — slightly more than 1 page.



Phonon dispersion in simple 3D metals

= 300 q=(0,0,9)

. 97(q.9.0) | 9=(9,.9,9) &~
200

100

frequency [cm

frequency [cm]

200¢

100

frequency [cm7]

Arrows indicates Kohn Anomalies



Kohn anomaly in MgB,

Energy (meV)
3

— - Linear Response
-— Wannier (N,=30 * 6=0.02 Ryd)
—  Wamnier(N,=65"x486=0.01 Ryd)

K M

Kortus et al. PRL 86, 4656 (2001)



Kohn anomaly in MgB,

B / — = Linear Response !
+— Wannier (N,=30" 6=0.02 Ryd)
—  Wamier(N,=65'x486=0.01 Ryd)

K

M

Nesting between cylinders

M. Calandra et al. PRB 82, 165111 (2010)



Dynamical effects (non-adiabatic)

1 n - m
ReTl@sd = — 3P 503 [obosranl” e 22
k nm n m

June, 12 2026 SSCHA School



Dynamical effects (non-adiabatic)

200

190

o0
=
[=]

Energy (meV)

160

150,

1
Rell(qr,w) = _FP
q

fkn - fk+qm

Z Z |gllén,k+qm | ?

|

— NON ADIABATIC
— - ADIABATIC

hw + €kn — €k+qm

DYNAMICAL (NON ADIABATIC) EFFECTS

ARE IMPORTANT !

June, 12 2026 SSCHA School



Imaginary part and phonon linewidth

ImI(qv,w) = Niq Z Z ‘gllzn,k+qm|2 (fun = frtam) O(extqm — €xn — hw)

k nm



Imaginary part and phonon linewidth

ImI(qv,w) = Niq Z Z ‘gllzn,k+qm|2 (fun = frtam) O(extqm — €xn — hw)
k nm
Key points:
[ J
1 hw <K A(gap)

Ana,, o P SE) = S (Eiqn)
yqv = ? Z gkn,k+qm‘ = -

5(8k+qm € wqu)
Nk k.,n.m Coqu

2 for spin and 2 for Full width half maximum



Allen formula (metals) P.B. Allen, PRB6,2577 (1972)

i > |8hcan| )= )

a)qu
N o 5 (8k+qm o gkn _ a)qu )
k  k.nm qV

Yov =

f(gk-i-qm)_f(gkn) N @ no T dep.

- 5(8kn)

10) o€

qv E=E1y



Allen formula (metals) P.B. Allen, PRB6,2577 (1972)

4ro,, o P SE) = S (Ergn)
Yov = qu k;n’gkn,lwqm’ - ®,, o 5(8k+qm_gkn_wqu)
& —J (&
f( k+qm) f( kn) N g no T dep. s 5(8kn)
@, o€ cme,
4w 2
— qu
yqv _ Z|gllzn,k+qm| 5(8kn )5(8k+qm ~Eky _wqu)

Nk k,n,m



Allen formula (metals) P.B. Allen, PRB6,2577 (1972)

4rw,,

Y e = Tka|g::n,k+qm|26<skn>6<sk+qm £, —®,,)

o] (1) S Ecrgm)

4 7oqv
Vav :—%Zq Z

k.nm

Remember: electron energies measured
from the Fermi Level

Ay = =2
av 27TN(€F>CU2W

When anharmonicity is negligible, the phonon linewidth measures the electron-phonon coupling



Electron-phonon coupling and anharmonicity in real materials

Problem:
anharmonicity or electron-phonon coupling

§ experiment | q=0.6 T-A [

o
ﬁ%ﬂﬁiﬂ{m

50 75

INTENSITY
=
-

100 |

L IE I}; ] ]

-25 Q0 2‘5 5.0 75 100
EXCHANGED ENERGY [meV]

A. Shukla, et al. PRL 90, 095506 (2003)



Electron-phonon coupling and anharmonicity in real materials

Problem:
anharmonicity or electron-phonon coupling

i experiment

First principles calculations can
guide the interpretation.

INTENSITY

| 9=0.6 T-A v

Stokes

transvc-_:-rse
acoustic

- anti-Stokes

—2.5 0 25 50 7.5 100
EXCHANGED ENERGY [meV]

A. Shukla, et al. PRL 90, 095506 (2003)



QOutline

Born Oppenheimer (BO) and exact factorization

Electron-phonon matrix elements
Second quantization of the electron-phonon Hamiltonian
Effects on the electrons

Effects on the phonons

O O O Oo O &3

Electron-phonon driven superconductivity



The superconducting phase

Resistance

4

T>T, T<T,
4
0 >
T C
Temperature

magnetic field H

B
%k

Superconducting
ring

non-superconducting
region

macroscopic quantum effects
e magnetic flux quantization
e Josephson effect

T>Te T<T¢
T_>TC T<TC
< >

C
Temperature



BCS theory
HBCS= HO * Hred



BCS theory

¥, = 4
b= Hred 0 % €ixChkoCieas

BCS ™

K’ K’ H red = -2 Vk'k(dk'101'1)(thc-k1)--
k'



BCS theory

_ T
—7 0o~ 2 € CkoCleas

ko
Hrea = — 2 Vil i) Cac-n)-
kk'
mk+ “';‘nk.1nk+ Amk—{—c
nk ;/(2BL tanh ( ABIq> QE‘I”(:(_*—q 1

Euk _— \/(ell-k = 61-‘)2 =R IAHRP



BCS theory

—¥ = 4
b Hred 0 % €iChkoClcas

BCS
- A\l
Kk’ Y Hred = — 2 Vi€ ke (CraC—na)-
q=k'-k kk'
; o dq i Emk—}-q Vn.k,mk—{—quk-i-q
k 'k Ank = Z/QBZ tdllll( QLBT ) 2Emk+q

m

Enx = \/(fnk = 6F)2 T IA’Ankl2

Energy

A(T)
) RN
./
ts &

A(T =0) = 1.764kgT,| ‘e
A(T — T.) ~ 3.06 kg T, \/1 — (/1)

DOS DOS



Migdal-Eliashberg (isotropic) Gk, ) = —(T, ¥ (7)¥(0))

_ _(<T,ck1(r)cL(0)> (T')e-1a(0)) )
(T,cti(T)0)Y  (T,ct ia(7)c-1(0))



Migdal-Eliashberg (isotropic) Gk, ) = —(T, ¥ (7)¥(0))

_ _(<TTCM(T)CIT(0)> (T')e-1a(0)) )
(T,cti(T)0)Y  (T,ct ia(7)c-1(0))
Z (fiwn =1+

Wh! _
Bwn Z \/w n AQ Zw” ) )\(n n )a

A (iwyy )

Z (twy) A (iwy,) Z Tt N2 n) A(n —n') — u*]

where

= 2Q a2 F(Q)
AMn —n!) = df)
(’n n ) /o (wn - w.n,/)Q + 02




Migdal-Eliashberg (isotropic) Gk, ) = —(T, ¥ (7)¥(0))

_ _(<TTCM(T)CIT(0)> (T')e-1a(0)) )
(T,cti(T)0)Y  (T,ct ia(7)c-1(0))
Z (fiwn =1+

Wh! _
Bwn Z \/w n AQ Zw” ) )\(n n )a

A (iwyy )

Z (twy) A (iwy,) Z Tt N2 n) A(n —n') — u*]

where

= 2Q a2 F(Q)
AMn —n!) = df)
(’n n ) /o (wn - w.n,/)Q + 02

A(T)




Migdal-Eliashberg (isotropic) Gk, 7) = —(T, Y1) ¥I0))
_ _(<T,ckf(r)cL<0)> (T eulr)e-1(0)) )
(Tt l(m)ei0))  (Toctiu(r)e-r(0))

W
Z(twy,) =1+ - An —n'),
( dw,l Z Vw2 + A2(iw,) ( )

A (iwyy )

Z (twn ) A (iwy,) Z T D) [A(n —n') — p]

where

o 2Q 02 F(Q)
Mn —n) = df)
(n n ) A (wn B w”,)Q 4 02

N . A(D),
Allen-Dynes-modified McMillan formula

A,
. ( —1.04(1 + \) ) \
° = 1.2 PN — %1 + 0.620)

The superconducting critical temperature is well approximated by the v 4
formula for moderate 4 values in most systems.

~N )

Phys. Rev. B 12, 905 (1975)



Migdal-Eliashberg (isotropic) Gk, ) = —(T, ¥ (7)¥(0))
_ _(<T,ckf(r)cL<0)> (T.ealr)e-1(0)) )
— \(Toctu(Mel0))  (Tocti(r)e-r(0))
Z(iw,) =1+

W/
n (77— // 1
dw” Z \/w’ T AQ ?wn ) (77 n )

A (iwyy )

Z (twn) A (iwy) Z okt D) [A(n —n') — p*]
o’ F(w)
A =2 lw = Xeivis
where / - ; q
S ,'2 )\ D — qi mn
)\(n . n/) _ / (]SZ 2(2(1 F(Sz) q vdqu ;;‘ k qk
0 (wnk - w'n_,’)Q G (22

><O(gk+q.m gF)d( Ck.n — ’EF)~

- . A(T),
Allen-Dynes-modified McMillan formula

Ao
. ( —1.04(1 + \) ) \
° T 1.2 PN =1+ 0.620) X

The superconducting critical temperature is well approximated by the I &
formula for moderate 4 values in most systems.

Phys. Rev. B 12, 905 (1975)



Take-home messages

® Electron-phonon coupling is involved in many quantities of interest.
® |t affects both electronic and phononic spectral functions.

® |t is the driving mechanism of conventional superconductivity.

e Itis relevant for many technological applications.

How do we integrate anharmonic effects and electron-phonon coupling
in a fully ab initio calculation?

It will be shown in the hands-on session.
We will learn to use SSCHA and EPIq together

“% + =5 EP:—— "l

SSCI—lﬂ . _
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